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Abstract In this study, we utilize dual generalized order statistics (dgos) to explore the moment characteristics of the
unit Teissier (UT) distribution. Using this method, we obtain exact and explicit expressions for single and product moments
and develop recurrence relations for both single and product moments. Furthermore, we provide a characterization of the
UT distribution, along with additional results related to the moments of record values and reversed order statistics (os).
We estimate the unknown parameter of the UT distribution using the maximum likelihood estimation (MLE) method based
on dgos. The effectiveness of the derived maximum likelihood estimates (MLEs) is assessed through extensive simulation
studies, which emphasize various moments and their corresponding relative mean squared errors (MSEs). This research
enhances the understanding of the UT distribution’s properties and offers valuable insights into its parameter estimation
using dgos.
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1. Introduction

Ordered random variables (rvs) arise in many real-world situations. We also see the application of ordered rvs in
our daily lives. For example, we may be interested in arranging prices of commodities or arranging data sets in
ascending or descending order. Some basic statistical model measures based on the concept of ordered rvs are
the percentile, the range, the median, etc.Random variables are sequenced according to several models, based
on the type of ordering employed. [1] was the first to develop the concept of generalized order statistics (gos).
Order statistics and record values are extensively utilized in statistical modeling and inference; both frameworks
characterize ordered rvs organized by magnitude. We present a number of additional models of ordered rvs, for
example; Pfeifer’s record model, sequential order statistics, order statistics with non-integral sample size, k-th
record values, and k-records from non-identical distributions. These models have numerous interpretations in re-
liability theory. Generalized order statistics (gos) provide a unified framework that represents multiple models of
ordered rvs. Through providing the marginal and joint densities. [1] determined several properties of gos.
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This framework cannot accommodate random variables with decreasing order. As a result, it is not suitable for
analyzing models such as reversed os and lower record values. [2] introduced the concept of dgos. The dgos
framework offers a unified approach for studying decreasingly rvs, including reversed os, lower k-record values,
and lower Pfeifer records.: The random variables W (r, n, m̃, k), r = 1, 2...n are said to be dgos from the distribution
F (w), and probability distribution function (pdf ) f(w) if their joint pdf is of the form

k

(
n−1∏
j=1

γj

)(
n−1∏
i=1

[F (wi)]
mi f (wi)

)
[F (wn)]

k−1
f (wn) . (1)

defined on the cone F−1(1) > w1 ≥ w2 ≥ . . . ≥ wn > F−1(0) of Rn. where γj = k + (n− j)(m+ 1) >
0 for all j, 1 ≤ j ≤ n k is a positive integer and m ≥ 1. If m = 0 and k = 1, W (r, n, m̃, k) reduces to reversed
os. W (r, n, m̃, k) reduces to lower records when k = 1 and m → −1, of the independent and identically distributed
iid random variables with cdf F (w) and corresponding pdf f(w). Other special cases encompassed within this
framework include sequential os and progressively Type II censored os.

Case I: mi = m, i = 1, 2...n− 1
The pdf of r-th dgos W (r, n,m, k), is provided by

fW (r,n,m,k)(w) =
Cr−1

(r − 1)!
[F (w)]γr−1f(w)gr−1

m (F (w)), (2)

and the joint pdf of r-th dgos W (r, n,m, k) and s-th dgos W (s, n,m, k), 1 ≤ r < s ≤ n, is given by

fW (r,n,m,k),W(s,n,m,k)(w, z) =
Cs−1

(r − 1)!(s− r − 1)!
[F (w)]mgr−1

m (F (w))

× [hm(F (z))− hm(F (w))]
s−r−1

[F̄ (z)]γs−1f(w)f(z), w < z,

(3)

where

Cr−1 =

r∏
i=1

γi, γi = k + (n− i)(m+ 1),

hm(w) =

{
wm+1

m+1 , m ̸= −1

lnw , m = −1

and
gm(w) = hm(1)− hm(w), w ∈ [0, 1)

=

{
[1−wm+1]

m+1 , m ̸= −1

− lnw , m = −1

The recurrence relations the moments utilized to compute higher-order moments are another main topic of this
study. The importance of recurrence relations and their usefulness are highlighted in calculating moments of higher
orders. They effectively simplify both the time complexity and the processes required to obtain a generalized form
for each order of the function under examination. They also add in distribution characterization. Characterization
is a crucial tool for identifying sample characteristics and making it easier to identify population distributions.
The method showed adaptability and broader statistical modeling applicability. For detailed study see; [3], studied
the distributional characteristics of dgos and used these to illustrate the uniform distribution, increasing awareness
of statistical theory. Exponentiated Weibull distribution to investigate the dgos for descendingly ordered rvs that
provide recurrence relations for their moments, and examining related scenarios presented by [4].

Stat., Optim. Inf. Comput. Vol. x, Month 202x



2

The exact moments for generalized and dgos were obtained from a large class of distributions discussed by [5].
[6], constructed characterization relationships, explained implications for os and lower records, and used notions
of dgos to obtain a general continuous distribution. [7], investigated characterizations of the distribution using
these relations and hazard functions. It also derived the explicit forms and recurrence relations for moments of
dgos from the Weibull gamma distribution, including examples for reversed os and lower records. [8], explored
the recurrence relations and explicit algebraic formulations for moments of dgos from J-shaped distributions,
generalizing Zghoul’s findings. General recurrence relations for single and product moments of dgos of different
distributions were developed. The unification of models for decreasing ordered rvs was addressed by [9]. The
exponentiated Ralyeigh distribution’s exact formulations and recurrence relations for moments of dgos express
characterization through reduced moments and emphasize single and product moments, lower record values, and
conditional expectations are presented by [10]. [11], explored the recurrence relations among moments of dgos
from a generalized class of exponentiated distributions. Recursive calculation of single and product moments is
made possible by relationships for moments of dgos in a transmuted exponential (TEx) model, which also include
distribution characterizations derived by [12]. [13], introduced structural inference to the Frechet distribution using
dgos, analyzing statistical measures through Monte Carlo simulations aimed at coverage rates and symmetry of
structural intervals. The approach is explained with a numerical example, and structural probability ranges for
parameters and the extreme value distribution’s dependability are derived. [14] provided a crucial characterization
of the exponential distribution, introduced minimal variance linear unbiased estimators for its parameters, and
talked about the distributional features of gos from a two-parameter exponential distribution. [15], focused on
the particular instances for k-th record values, developed a recurrence relation for moments of gos including for
Pareto and Burr distributions. Unified distributional results and moment expression gos, with applications to Pareto,
Power, and Weibull distributions, are presented by [16]. Recurrence relation under doubly truncated distribution
for gos moments. Additionally, it handles os moments and records values as specific examples of gos discussed by
[17].[18], developed the doubly truncated distribution class’s recurrence relations for the moment and conditional
moment generating function of gos, including the Gompertz, Pareto, and Weibull distribution characterizations.
Recurrence relations for os, k-th records, sequential os, and single and product moments of gos from a doubly
truncated Weibull distribution presented by [19]. Generalized order Statistics as a framework for os and record
values, enabling product and single moments from different distributions with explicit expressions, and examining
associated theorems and specific examples established by [20]. [21], explored ordinary os and higher k-records
while focusing on the linear exponential distribution, more especially the exponential and Rayleigh distributions,
and determining recurrence relations for single and product moments of gos. Recurrence relations were derived, and
their characterization through conditional moments was discussed. Recurrence relations and explicit formulas for
the single and product moments of lower generalized os were obtained from a power function distribution using gos
as a framework for ordered rvs by [37]. The ratio and inverse moments of the Burr distribution were obtained using
the hyper geometric function, with particular attention to the cases where m1 = ... = mn−1 = m and γi ̸= γj . It
also addressed deductions about these cases explored by [22]. The inverse Burr distribution’s formulas for moments
of lower gos also covered the MLE and distinguished methods using simulations provided by [23]. [24], derived
single, product, and conditional moments of gos, including means, variances, and covariance under progressive
Type II censoring, were derived from the exponential distribution. [25], stipulated a clear expression and recurrence
relations for the Ailamujia distribution’s single and product moments of gos. This also generates computational
results for os and record value. [26], explored the Weibull generalized exponential distribution(WGED) using gos,
derived relationships for its mgf, and presented MLE for its parameters. Explaining the structural characteristics
of the generalized Pareto distribution, such as the quantile function, moments, and entropy metrics, researched
by [27]. [36], investigated recurrence relations for records and os specialization and single and product moments
of gos from the Marshall-Olkin extended family of life distribution. It created an equation and used a recurrence
relation for sample sizes to characterize these distributions. Expressions for moments of os from the Pareto Weibull
distribution that emphasize the importance of orv’s in domains like sports, stability, and seismology, and allow for
the computation of numerous statistical measures were presented by [28].
[29], explored the Benktander Type II distribution’s moments, describing them using generalized os, and developed
specific formulas for single and product moments and recurrence relations. A description of the distribution
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MLEs for simulation and parameter estimation is also presented. [30] proposes more properties and simulations
which offer a more flexible model for modeling lifetime data. [31] proposes the XLindley distribution (XLD)
is a new probability distribution created by mixing exponential and Lindley distributions, with properties
including stochastic ordering, quantile functions, and parameter estimation methods. [32] introduced a new
distribution named as the Pseudo Lindley Distribution (PsLD) as a generalization of the Lindley distribution (LD).
[33] proposed a new Zeghdoudi distribution (ZD) with moment and maximum likelihood estimation methods,
demonstrating superior fit to real data compared to other one and two-parameter distributions. [33] presents
a novel probability distribution, namely the new XLindley distribution, derived from a unique combination of
exponential and gamma distributions through a special mixture formulation. [35] proposes a new family of
continuous distributions with one extra shape parameter called the generalized Zeghdoudi distributions (GZD).

French biologist Georges [38] developed the Teissier distribution (TD), a continuous probability distribution, to
simulate animal mortality rates from aging. Its pdf and cdf are defined by

f(z; θ) = θ
(
eθz − 1

)
e(θz−eθz+1), z > 0, θ > 0. (4)

and
F (z; θ) = 1− e(θz−eθz+1), z > 0, θ > 0. (5)

Furthermore, it is unique to classical lifetime distributions like gamma and Weibull because it has a heavier
tail. Despite its early significance, the TD generally declined in the statistical literature until it received renewed
attention for theoretical and applied research.

[39] presented the UT distribution, a bounded probability distribution that is particularly optimized for modeling
data on the unit interval (0, 1). It is derived from the TD. Entropy measures, quantile functions, and moments of
the UT distribution are among the statistical properties thoroughly studied in this work. The mode is estimated and
validated using various estimation techniques, including Bayesian and maximum likelihood approaches. Real-
world data applications and simulation research demonstrate that the UT distribution is a good candidate for
modeling properties and comparable bounded data.

Mathematically, the UT distribution is obtained by applying the definition of the pdf provided by (4) to the
transformation W = e−Z . The following formalized its definition.

The UT distribution’s pdf is given by

f(w) = θ
(
w−θ − 1

)
w−(θ+1)e−w−θ+1, 0 < w < 1, θ > 0. (6)

The associated cdf is expressed by

F (w) = w−θe−w−θ+1, 0 < w < 1, θ > 0. (7)

In view of (6) and (7), we get

f(w) =
θ
(
w−θ − 1

)
w

F (w). (8)

The reliability function of the UT distribution is

Q(w) = 1− F (w) = 1− w−θe−w−θ+1.

The hazard rate function of the UT distribution is

H(w) =
f(w)

Q(w)
.
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(a) The plot of pdf for Unit teissier distribution
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(b) The plot of cdf for Unit teissier distribution
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(c) The plot of reliabilty function for Unit teissier distribution
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(d) The plot of hazard function for Unit teissier distribution
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Figure 1. Plots of the p.d.f., c.d.f., reliability function, and hazard rate function at different parameter values.

Figures (a) and (b) show the density and distribution functions of the UT distribution in various possible shapes.
The plots demonstrate the flexibility of the UT distribution, showing its ability to model data with various shapes
(unimodal, decreasing) and hazard rates (increasing, bathtub-shaped). The behavior of the hazard rate functions
and the reliability of the UT distribution are displayed in Figures (c) and (d) above.

The main contributions of this study significantly expand understanding of moment properties and estimation
approaches for the UT distribution across dgos, reversed order statistics, and k-th lower record values. By
establishing a rigorous foundation, these results enable more effective statistical analysis and modeling of
distributions with similar properties, with broad implications for both theoretical advancement and practical
application.

The structure of the paper is organized as follows. Section 2 presents the derivation of exact and explicit
expressions for single moments and the recurrence relations of dgos from the UT distribution. Section 3 provides
the derivation of precise and explicit recurrence relations for product moments. In Section 4, we demonstrate the
characterization of the UT distribution. subsection 5.1 derived the MLE of UT distribution baased on dgos. In
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Section 6, we have discussed a simulation study for os, and record values. Ultimately, a conclusion is provided
within Section 7.

2. Single moments and relations

Theorem 2.1 From UT distribution as given in (6) for 1 ≤ r ≤ n, k ≥ 1 and δ = 1, 2, . . .

E
[
W δ(r, n,m, k)

]
=

Cr−1

(r − 1)!(m+ 1)r−1

r−1∑
ν=0

(−1)ν
(
r − 1

ν

)
eγr−ν

×

[
(γr−ν)

(
δ−θ(γr−ν+1)

θ

)
Γ

((
−δ + θ(γr−ν + 1)

θ

)
, γr−ν

)

− (γr−ν)

(
δ−θγr−ν

θ

)
Γ

((
−δ + θγr−ν

θ

)
, γr−ν

)]
, m ̸= −1

(9)

E
[
W δ(r, n,m, k)

]
=

θkr

(r − 1)!

∞∑
ν=0

ν+r−1∑
ρ=0

ba (r − 1) (−1)
ρ

(
ν + r − 1

ρ

)
eρ+k

[
(ρ+ k)

δ−θ(δ+k+1)
θ Γ−

(
δ − θ (ρ+ k + 1)

θ

)
, (ρ+ k)

− (ρ+ k)
δ−θ(ρ+k)

θ Γ−
(
δ − θ (ρ+ k)

θ

)]
, m → −1

(10)

Proof: For m ̸= -1
From (2), we have

E
[
W δ(r, n,m, k)

]
=

Cr−1

(r − 1)!

∫ 1

0

wδ[F (w)]γr−1f(w)gr−1
m (F (w))dw. (11)

On expanding gr−1
m (F (w)) =

[
1

m+1 (1− [F (w)]
m+1

)
]r−1

using binomial expansion in (11) and using (8), we get

E
[
W δ(r, n,m, k)

]
=

θCr−1

(r − 1)!(m+ 1)r−1

r−1∑
ν=0

(−1)ν
(
r − 1

ν

)
eγr−ν [I1 − I2] (12)

where

I1 =

∫ 1

0

wδ−θ(γr−ν+1)−1e−w−θγr−νdw

I2 =

∫ 1

0

wδ−θ(γr−ν−1)e−w−θγr−νdw

Setting u = w−θ in I1, I2 and simplifying using generalized exponential function,

En(u) =

∫ ∞

1

e−ut

tn
dt = un−1Γ(1− n, u).

we get,

I1 =
1

θ

{
(γr−ν)

(
δ−θ(γr−ν+1)

θ

)
Γ

((
−δ + θ(γr−ν + 1)

θ

)
, γr−ν

)}
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I2 =
1

θ

{
(γr−ν)

(
δ−θγr−ν

θ

)
Γ

((
−δ + θγr−ν

θ

)
, γr−ν

)}
Substituting I1 and I2 in (12), we get (9).
For m→ −1, we have

E
[
W δ(r, n,−1, k)

]
= E

[
(W

(k)
W ′

(r)
)δ
]
=

kr

(r − 1)!

∫ 1

0

wδ[F (w)]k−1f(w) [−log(F (w)]
r−1

dw. (13)

where E
[
(W

(k)
W ′

(r)
)δ
]

represents the δ − th moments of the k − th lower record values
Applying logarithmic expansion and (8) in (13)

[−ln(1− y)]h =

( ∞∑
x=1

yx

x

)h

=

∞∑
x=0

cx(h)y
x+h

where cx(h) denotes the coefficient of yc+h in the expansion of

( ∞∑
x=1

yx

x

)h

, we get

E
[
(W

(k)
W ′

(r)
)δ
]
=

θkr

(r − 1)!

∞∑
ν=0

ν+r−1∑
ρ=0

bν (r − 1) (−1)ρ
(
ν + r − 1

ρ

)
eγr+b [I1 − I2] (14)

where

I1 =

∫ 1

0

wδ−θ(ρ+k+1)−1e−w−θ(ρ+k)dw

I2 =

∫ 1

0

wδ−θ(ρ+k)−1e−w−θ(ρ+k)dw

Setting u = w−θ in I1, I2 After applying the generalized exponential function for simplification, we obtain

I1 =
1

θ

{
(ρ+ k)(

δ−θ(ρ+k+1)
θ )Γ

(
−
(
δ − θ(ρ+ k + 1)

θ

)
, ρ+ k

)}

I2 =
1

θ

{
(ρ+ k)(

δ−θ(ρ+k)
θ )Γ

(
−
(
δ − θ(ρ+ k)

θ

)
, ρ+ k

)}
Substituting I1 and I2 in (14), we get (10).

Special Cases:
a. If m = 0 and k = 1 in equation (9), the single moments of the reversed os for the UT distribution are derived as
follows.

E
[
W δ

r:n

]
=Cr:n

r−1∑
ν=0

(−1)ν
(
r − 1

ν

)
en−r+ν+1

×

[
(n− r + ν + 1)(

δ−θ(n−r+ν+2)
θ ) Γ

((
−δ + θ(n− r + ν + 2)

θ

)
, n− r + ν + 1

)

− (n− r + ν + 1)(
δ−θ(n−r+ν+1)

θ ) Γ

((
−δ + θ(n− r + ν + 1)

θ

)
, n− r + ν + 1

)]
.
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b. Substituting k = 1 into Equation (10) yields the moments of the lower record values for the UT distribution as
follows.

E
[
W δ(r, n,−1, 1)

]
=

θ

(r − 1)!

∞∑
ν=0

ν+r−1∑
ρ=0

ba (r − 1) (−1)
ρ

(
ν + r − 1

ρ

)
eρ+1

[
(ρ+ 1)

δ−θ(ρ+2)
θ Γ−

(
δ − θ (ρ+ 2)

θ

)
, (ρ+ 1)

− (ρ+ 1)
δ−θ(ρ+1)

θ Γ−
(
δ − θ (δ + 1)

θ

)]
.

Table 1. Means and variances of dgos obtained from the UT distribution

n, r = 1, 2, 3, 4, 5, 6, 7, 8 and (m = 1, θ = 4.5, k = 2).

n r 1 2 3 4 5 6 7 8
1 E(W) 0.84894

V(W) 0.00412
2 E(W) 0.88553 0.81235

V(W) 0.00263 0.00293
3 E(W) 0.90344 0.84972 0.79366

V(W) 0.00197 0.00202 0.16377
4 E(W) 0.91468 0.86972 0.82972 0.78164

V(W) 0.00159 0.0016 0.00165 0.00199
5 E(W) 0.92261 0.88295 0.84987 0.81629 0.77297

V(W) 0.00133 0.00133 0.00133 0.00141 0.00176
6 E(W) 0.92861 0.89262 0.86361 0.83613 0.80637 0.76629

V(W) 0.00116 0.00115 0.00114 0.00115 0.00125 0.0016
7 E(W) 0.93336 0.90012 0.87388 0.84992 0.82578 0.79861 0.7609

V(W) 0.00102 0.00102 0.001 0.00099 0.00103 0.00113 0.00147
8 E(W) 0.93725 0.90617 0.88198 0.86039 0.83946 0.81757 0.79229 0.75642

V(W) 0.00091 0.00091 0.00089 0.00088 0.00089 0.00093 0.00103 0.00137

Table 2. Mean and variance of the reversed os for the UT distribution for

n, r = 1, 2, 3, 4, 5, 6, 7, 8 and θ = 4.5.

n r 1 2 3 4 5 6 7 8
1 E(W) 0.80453

V(W) 0.00605
2 E(W) 0.84894 0.76013

V(W) 0.00412 0.00404
3 E(W) 0.87129 0.80425 0.73807

V(W) 0.00319 0.00298 0.00311
4 E(W) 0.88553 0.82854 0.77996 0.72410

V(W) 0.00263 0.00244 0.00235 0.00259
5 E(W) 0.89570 0.84489 0.80402 0.76392 0.71415

V(W) 0.00225 0.00209 0.00197 0.00196 0.00225
6 E(W) 0.90344 0.85697 0.82071 0.78732 0.75221 0.70654

V(W) 0.00197 0.00184 0.00172 0.00166 0.00169 0.00201
7 E(W) 0.90961 0.86643 0.83334 0.80388 0.77491 0.74313 0.70044

V(W) 0.00175 0.00165 0.00154 0.00146 0.00144 0.00151 0.00183
8 E(W) 0.91468 0.87411 0.84338 0.81659 0.79117 0.76515 0.73579 0.69539

V(W) 0.00159 0.00150 0.00139 0.00132 0.00128 0.00129 0.00136 0.00170

Stat., Optim. Inf. Comput. Vol. x, Month 202x



8

Table 3. The skewness and kurtosis measures of reversed os for the UT distribution

n, r = 1, 2, 3, 4, 5, 6, 7, 8 and θ = 4.5.

n r 1 2 3 4 5 6 7 8
1 Skewness 0.00006

Kurtosis 2.49325
2 Skewness 0.01614 0.01412

Kurtosis 2.38906 2.89989
3 Skewness 0.04063 0.00355 0.01244

Kurtosis 2.67642 2.62416 2.92883
4 Skewness 0.05828 0.0003 0.00771 0.00533

Kurtosis 2.36472 2.58944 3.05826 3.1749
5 Skewness 0.07945 0.0003 0.00358 0.00789 0.00287

Kurtosis 2.76079 2.55606 3.02922 3.07264 3.04544
6 Skewness 0.10421 0.00458 0.00125 0.00538 0.00977 0.00088

Kurtosis 3.74236 3.69836 3.13044 3.11336 2.17262 3.07723
7 Skewness 0.09981 0.00965 0.00015 0.00125 0.00887 0.00323 0.0002

Kurtosis 2.33268 3.46139 3.35108 4.23997 3.02506 2.95034 2.76995
8 Skewness 0.11611 0.01375 0.00007 0.00054 0.00089 0.00611 0.00493 0.00034

Kurtosis 2.67516 3.905 2.88457 4.13512 5.09662 3.3342 2.81295 3.15067

Table 4. The skewness and kurtosis of dgos obtained from the UT distribution

n, r = 1, 2, 3, 4, 5, 6, 7, 8 and (m = 1, θ = 4.5, k = 2).

n r 1 2 3 4 5 6 7 8

1 Skewness 0.01614

Kurtosis 2.38906

2 Skewness 0.05828 0.00008

Kurtosis 2.36472 2.78352

3 Skewness 0.10421 0.0038 33.63539

Kurtosis 3.74236 3.17979 22.74857

4 Skewness 0.11611 0.00819 0.00009 0.00095

Kurtosis 2.67516 2.31916 2.24455 2.77649

5 Skewness 0.12304 0.01198 0.00012 0.00003 0.00312

Kurtosis 1.76675 2.10992 1.66703 1.83918 3.27209

6 Skewness 0.16379 0.01577 0.00357 0.00066 0.00108 0.0039

Kurtosis 3.28116 2.06971 3.5592 1.71367 4.03727 2.37983

7 Skewness 0.14128 0.02896 0.00833 0.00116 0.00218 0.00005 0.00697

Kurtosis 0.96792 2.68603 4.03855 2.37054 5.25331 1.65493 2.82742

8 Skewness 0.17893 0.04032 0.01565 0.00001 0.00069 0.00004 0.00072 0.01091

Kurtosis 3.72925 5.47616 5.58501 -0.38046 0.56887 1.16019 3.15796 3.32923
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Table 5. Moments and properties of the UT distribution obtained from record data.

θ = 2

r E(W ) E(W 2) E(W 3) E(W 4) V ariance

1 0.62106 0.40365 0.27362 0.19269 0.01794
2 0.50561 0.26597 0.14549 0.08268 0.01033
3 0.44127 0.20139 0.0951 0.04646 0.00667
4 0.39808 0.16317 0.0689 0.02998 0.00470
5 0.36626 0.13765 0.05311 0.02105 0.00350
6 0.34145 0.11931 0.04268 0.01564 0.00272
7 0.32133 0.10543 0.03534 0.01211 0.00218
8 0.30456 0.09455 0.02993 0.00966 0.00179
9 0.29029 0.08576 0.0258 0.0079 0.00149
10 0.27793 0.07851 0.02255 0.00659 0.00126

θ = 2.5

1 0.68059 0.47707 0.34384 0.25434 0.01387
2 0.57766 0.34227 0.20797 0.12955 0.00858
3 0.51832 0.2745 0.14857 0.08218 0.00584
4 0.4775 0.23229 0.11516 0.0582 0.00428
5 0.44684 0.20297 0.09375 0.04404 0.00330
6 0.42254 0.18118 0.07886 0.03485 0.00264
7 0.40257 0.16423 0.06791 0.02847 0.00217
8 0.38573 0.15061 0.05954 0.02383 0.00182
9 0.37124 0.13937 0.05292 0.02033 0.00155
10 0.35858 0.12992 0.04757 0.01761 0.00134

θ = 3

1 0.75736 0.58241 0.45451 0.35972 0.00881
2 0.67397 0.46016 0.31827 0.22297 0.00592
3 0.62401 0.39367 0.25111 0.16197 0.00428
4 0.58867 0.34983 0.20989 0.12716 0.00330
5 0.56154 0.31797 0.18158 0.10458 0.00264
6 0.53965 0.2934 0.16073 0.08873 0.00218
7 0.52139 0.27368 0.14465 0.07698 0.00183
8 0.50577 0.25739 0.13181 0.06793 0.00159
9 0.49217 0.24362 0.12128 0.06073 0.00139
10 0.48016 0.23178 0.11248 0.05488 0.00123

We calculate and display the moments, variances, skewness, and kurtosis of dgos, reverse order statistics, and lower
record values in Table 1, 2, 3, 4 and 5 respectively. From Table 1 and 2 it can be seen clearly that for large sample
size the variance of distribution is decreasing. Again, it can be seen from Table 5, variance for large sample size, is
decreasing in case of lower record data.

Theorem 2.2 Let W be a random variable following the UT distribution as specified in (6). For 1 ≤ r < n and
δ = 1, 2, 3, . . ., the following recurrence relation is met.

E
[
W δ(r, n,m, k)

]
= γr

{
θ

δ − θ
E
[
wδ−θ(r, n,m, k)

]
+

θ

δ
E
[
W δ(r, n,m, k)

]}
− (γr + 1)Cr−1

C
(k+1,m)
r−1{

θ

δ − θ
E
[
W p−θ(r − 1, n,m, k + 1)

]
+

θ

δ
E
[
W δ(r − 1, n,m, k + 1)

]}
.

(15)

Stat., Optim. Inf. Comput. Vol. x, Month 202x



10

Proof: We have, from (11)

E
[
W δ(r, n,m, k)

]
=

Cr−1

(r − 1)!

∫ 1

0

wδ[F (w)]γr−1f(w)gr−1
m (F (w))dw.

Using (8), we get

E
[
W δ(r, n,m, k)

]
=

θCr−1

(r − 1)!
[I1 − I2] (16)

where

I1 =

∫ 1

0

wδ−θ−1[F (w)]γrgr−1
m (F (w))dw

I2 =

∫ 1

0

wδ−1[F (w)]γrgr−1
m (F (w))dw)

Applying integration by parts with wδ−θ−1 as the Integration and the remaining term as the differentiable
component, we obtain

I1 =
r − 1

δ − θ

∫ 1

0

wδ−θ[F (w)]γr+mf(w)gr−2
m (F (w))dw

− γr
p− θ

∫ 1

0

wδ−θ[F (w)]γr−1f(w)gr−1
m (F (w))dw

Similarly I2

I2 =
r − 1

δ

∫ 1

0

wδ[F (w)]γr+mf(w)gr−2
m (F (w))dw

− γr
δ

∫ 1

0

wδ[F (w)]γr−1f(w)gr−1
m (F (w))dw

Substituting I1, I2 in (16), we get (15).

Special Cases
a. In place of m = 0 and k = 1 into Equation (15) simplifies the recurrence relation to that of single moments of
reversed os.

E
[
W δ

r:n

]
=θ(n− r + 1)

{
1

δ − θ
E
[
wδ−θ

r:n

]
+

1

δ
E
[
W δ

r:n

]}
− (n− r + 1)(n− r + 2)

n+ 1{
1

δ − θ
E
[
W δ−θ

r−1:n+1

]
+

1

δ
E
[
W δ

r−1:k+1

]}
.

b. The recurrence relation in Equation (15) transforms into the recurrence relation for single moments of the k-th
record values when m = −1.

E
[
(W

(k)
W(r)

)δ
]
=θk

{
1

δ − θ
E
[
(W

(k)
W(r)

)δ−θ
]
+

1

δ
E
[
(W (k)

w(r)
)δ
]}

− kr

(k + 1)r−1{
1

δ − θ
E
[
(W

(k+1)
W(r)

)δ−θ
]
+

1

δ
E
[
(W

(k+1)
W(r)

)δ
]}

.
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3. Relations for product moments

Theorem 3.1 Let W be a random variable (rv) following the UT distribution as defined in (6). For 1 ≤ r < s ≤
n− 1 and δ, j = 1, 2, 3, . . . , the following recurrence relation holds

E
[
W δ(r, n,m, k)Zj(r, n,m, k)

]
= θγs

{
1

j − θ
E
[
W δ(r, n,m, k)Zj−θ(r, n,m, k)

]
− 1

j
E
[
wδ(r, n,m, k)Zj(r, n,m, k)

]}
− (γs + 1)Cs−1

C
(k+1,m)
s−1

{
1

j − θ
E
[
W δ(r − 1, n,m, k + 1)Zj−θ(r − 1, n,m, k + 1)

]
−1

j
E
[
W δ(r − 1, n,m, k + 1)Zj(r − 1, n,m, k + 1)

]}
.

(17)

Proof: Using (3), we get

E
[
W δ(r, n,m, k)Zj(r, n,m, k)

]
=

Cs−1

(r − 1)!(s− r − 1)!

∫ 1

0

∫ z

0

wδzj [F (w)]mf(w)gr−1
m (F (w))

× [hm(F (z))− hm(F (w))]
s−r−1

[F (z)]γs−1f(z)dwdz.

(18)

Using (8) in (18), we get

E
[
W δ(r, n,m, k)Zj(r, n,m, k)

]
=

θCs−1

(r − 1)!(s− r − 1)!

∫ 1

0

wδ[F (w)]mgr−1
m (F (w))f(w)I1(z)dw − θCs−1

(r − 1)!(s− r − 1)!

×
∫ 1

0

∫ z

0

wδzj−1[F (w)]mfgr−1
m (F (w)) [hm(F (z))− hm(F (w))]

s−r−1
f(w)[F (z)]γsdwdz.

(19)

E
[
W δ(r, n,m, k)Zj(r, n,m, k)

]
=

θCs−1

(r − 1)!(s− r − 1)!

∫ 1

0

wδ[F (δ)]mgr−1
m (F (w)) [hm(F (z))− hm(F (w))]

s−r−1
I1(z)dw

− θCs−1

(r − 1)!(s− r − 1)!

∫ 1

0

wδ[F (w)]mgr−1
m (F (w)) [hm(F (z))− hm(F (w))]

s−r−1
I2(z)dw.

(20)

where

I1(z) =

∫ z

0

zj−θ−1 [hm(F (z))− hm(F (w))]
s−r−1

[F (z)]γsdz

and

I2(z) =

∫ z

0

zj−1 [hm(F (z))− hm(F (w))]
s−r−1

[F (z)]γsdz.

Integrating by parts treating zj−θ−1 for integration and rest for differentiation,we get

I1(z) =
γs

j − θ

∫ z

0

zj−θ [hm(F (z))− hm(F (w))]
s−r−1

[F (z)]γs−1f(z)dz − (s− r − 1)

j − θ

×
∫ z

0

zj−θ [hm(F (z))− hm(F (w))]
s−r−2

[F (z)]γsf(z)dz.

Similarly,

I2(z) =
γs
j

∫ z

0

zj [hm(F (z))− hm(F (w))]
s−r−1

[F (z)]γs−1f(z)dz − (s− r − 1)

j

×
∫ z

0

zj [hm(F (z))− hm(F (w))]
s−r−2

[F (z)]γsf(z)dz.
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Substituting I1(z) and I2(z) in (20) and after simplification, we get (17).

Special cases:
a. The recurrence relation for the product moments of reversed os is derived by substituting m = 0 and k = 1 into
Equation (17).

E
[
W δ

r:nZ
j
s:n

]
= (n− s+ 1)

{
θ

j − θ
E
[
W δ

r:nZ
j−θ
s:n

]
+

θ

j
E
[
W δ

r:nZ
j
s:n

]}
− (n− s+ 1)(n− s+ 2)

n+ 1

×
{

θ

j − θ
E
[
W δ

r:n+1X
j−θ
s−1:n+1

]
+

θ

j
E
[
W δ

r:n+1Z
j
s−1:n+1

]}
.

b.The recurrence relation given in (17) simplifies to the recurrence relation for the product moments of the (k)− th
record values when m = −1 is applied.

E
[
(W

(k)
W ′

(r)
)δ(Z

(k)
Z′

(s)
)j
]

= k

{
θ

j − θ
E
[
(W

(k)
W ′

(r)
)δ(Z

(k)
Z′

(s)
)j−θ

]
+

θ

j
E
[
(W

(k)
W ′

(r)
)δ(Z

(k)
Z′

(s)
)j
]}

− ks

(k + 1)s−1

×
{

θ

j − θ
E
[
(W

(k+1)
W ′

(r)
)δ(Z

(k+1)
Z′

(s−1)
)j−θ

]
+

θ

j
E
[
(W

(k+1)
W ′

(r)
)δ(Z

(k+1)
Z′

(s−1)
)j
]}

.

4. Characterization

Theorem 4.1 Let W be a continuous random variable as defined in (6) and (7); then the following relation holds

E
[
W δ(r, n,m, k)

]
= γr

{
θ

δ − θ
E
[
W δ−θ(r, n,m, k)

]
+

θ

δ
E
[
W δ(r, n,m, k)

]}
− (γr + 1)Cr−1

C
(k+1,m)
r−1{

θ

δ − θ
E
[
W δ−θ(r − 1, n,m, k + 1)

]
+

θ

δ
E
[
W δ(r − 1, n,m, k + 1)

]}
.

(21)

If and only if

F (w) = w−θe−w−θ+1, 0 < w < 1, θ > 0.

Proof: The necessary condition easily follows from Theorem ??. If the relation (21) is satisfied, substituting (2)
into (21) we get

Cr−1

(r − 1)!

∫ 1

0

wδ[F (w)]γr−1f(w)gr−1
m (F (w))dw

=
θCr−1(r − 1)

(δ − θ)(r − 1)!

∫ 1

0

wδ−θ[F (w)]γr+mf(w)gr−2
m (F (w))dw

− θCr−1γr
(δ − θ)(r − 1)!

∫ 1

0

wδ−θ[F (w)]γr−1f(w)gr−1
m (F (w))dw

− θCr−1(r − 1)

δ(r − 1)!

∫ 1

0

wδ[F (w)]γr+mf(w)gr−2
m (F (w))dw

+
θCr−1γr
δ(r − 1)!

∫ 1

0

wδ[F (w)]γr−1f(w)gr−1
m (F (w))dw.

(22)
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Equation (22) can be written as

Cr−1

(r − 1)!

∫ 1

0

wδ[F (w)]γr−1f(w)gr−1
m (F (w))dw

=
θCr−1(r − 1)

(δ − θ)(r − 1)!

∫ 1

0

wδ−θ[F (w)]γr+mf(w)gr−2
m (F (w))dw

− θCr−1

(δ − θ)(r − 1)!

∫ 1

0

wδ−θgr−1
m (F (w))

(
d

dw
[F (w)]γr

)
dw

− θCr−1(r − 1)

δ(r − 1)!

∫ 1

0

wδ[F (w)]γr+mf(w)gr−2
m (F (w))dw

+
θCr−1

δ(r − 1)!

∫ 1

0

wδgr−1
m (F (w))

(
d

dw
[F (w)]γr

)
dw.

(23)

Subsequently, by integrating the second and fourth terms on the right-hand side of (23) and simplifying, we obtain

Cr−1

(r − 1)!

∫ 1

0

wδ[F (w)]γr−1gr−1
m (F (w))

(
f(w)−

θ
(
w−θ − 1

)
w

F (w)

)
dw = 0. (24)

Thereafter, utilising a generalized version of the Muntz-Szasz theorem [40] in (24), we get

f(w)−
θ
(
w−θ − 1

)
w

F (w) = 0

f(w) =
θ
(
w−θ − 1

)
w

F (w)

f(w)

F (w)
=

θ
(
w−θ − 1

)
w

which prove that,
F (w) = w−θe−w−θ+1, 0 < w < 1, θ > 0.

5. Parameter Estimation

5.1. Maximum likelihood Estimation

In this section, we derive MLEs for the shape parameter θ of the UT distribution treating the dgos parameters
m and k as known constants based on the chosen sampling scheme (m = 0, k = 1for reversed order statistics)
(m = −1, k = 1for k-th lower record values). Let W (1, n,m, k),W (2, n,m, k), . . . ,W (n, n,m, k) be the m-dgos.
Considering (1), the likelihood function can be defined as

L(θ|w) =k

(
n−1∏
j=1

γj

)(
n−1∏
i=1

(
w−θ

i e−w−θ
i +1

)m
θ
(
w−θ

i − 1
)
w

−(θ+1)
i e−w−θ

i +1

)

×
((

w−θ
n e−w−θ

n +1
)k−1

θ
(
w−θ

n − 1
)
w−(θ+1)

n e−w−θ
n +1

)
After simplification and taking the log on both sides, we get

lnL(θ|w) = ln k + n ln θ +

n−1∑
j=1

ln γj + (−mθ − (θ + 1))

n−1∑
i=1

lnwi + (m+ 1)

n−1∑
i=1

(
1− w−θ

i

)
+

n∑
i=1

ln(w−θ
i − 1) + (−θ(k − 1)− (θ + 1)) lnwn + k

(
1− w−θ

n

)
.

(25)
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Special Cases
a. If m = 0 and k = 1 the dgos which reduces to the case of reversed os. Therefore, Equations (25) can be used to
calculate the MLEs of the parameters within the reversed os framework, given by

lnL(θ|w) =n ln θ +

n−1∑
j=1

ln(n− j + 1)− (θ + 1)

n∑
i=1

lnwi

+

n∑
i=1

ln(w−θ
i − 1) +

(
1− w−θ

n

)
.

b. For m = −1 and k = 1 the dgos which reduces to the k − th lower record values. Therefore, Equations (25) can
be applied to obtain the MLEs of the parameters using lower record values.

lnL(θ|w) = n ln θ −
n∑

i=1

lnwi +

n∑
i=1

ln(w−θ
i − 1)− θ lnwn +

(
1− w−θ

n

)
.

6. Simulation Study

This section examines the simulation results related to the mathematical findings presented in the previous
sections. Numerical computations are conducted for general order statistics, as well as specific cases such as
reversed os and lower record values.
The contents of Table 6 and 7 pertain to the maximum likelihood (M.L.) estimates of unknown parameters in the
context of the Benktander Type II distribution. Specifically, these tables provide information on the estimators
employed for the unknown parameters are evaluated in terms of their average estimate (A.E.), average bias (A.B.)
and mean squared error (M.S.E.). The algorithm utilized to generate the data in Table 6 and 7 are described as
follows.
1) We produce a random sample of size ”n” from the Benktander Type II distribution, using a predefined value of
an unknown parameter (referred to as ”a”).
2) The maximum likelihood estimate, denoted as â, for the unknown parameter a is computed using the random
sample generated in step (1) and employing the method described in subsection 5.1.
3) The aforementioned process is iterated 1000 times, resulting in 1000 values of â, denoted as â1, â2, â3,. . . , ˆa1000.
4) The obtained values of âi, where i takes values from 1 to 1000, are utilized to calculate the average estimate
(A.E.), average bias (A.B.), and mean squared error (M.S.E.) using the following equations.

A.E. =
1

1000

1000∑
i=1

âi, A.B. =
1

1000

1000∑
i=1

(âi − a), M.S.E. =
1

1000

1000∑
i=1

(âi − a)2.

where âi is the MLE of a at the i-th repetition.

Table 6 represents the A.E., A.B., and M.S.E. of the UT based on reversed os at different parameters with different
sample sizes for θ ∈ {(1.0, 1.50, 2.0)} and n ∈ {8, 16, 24, 32, 40, 48, 55, 64, 72, 80}. Table 7 represent the A.E.,
A.B., and M.S.E. of the UT based on lower record values os at different parameters with different sample sizes for
θ ∈ {(1.0, 1.50, 2.0)} and n ∈ {2, 3, 4, 5}. [41] derived MLE of inverted topp-leone distribution based on record
values as sample size increases the MSEs decreases.
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Table 6. Parameter estimation of the UT distribution using reversed os.

θ = 1.0
n A.E. A.B. M.S.E.
8 1.04114 0.04114 0.02712
16 1.02023 0.02023 0.01136
24 1.01417 0.01417 0.00744
32 1.00924 0.00924 0.00523
40 1.00781 0.00781 0.00421
48 1.00622 0.00622 0.00351
55 1.00610 0.00610 0.00302
64 1.00514 0.00514 0.00242
72 1.00431 0.00431 0.00208
80 1.00367 0.00367 0.00182

θ = 1.5
8 1.56171 0.06171 0.06103
16 1.53034 0.03034 0.02557
24 1.52126 0.02125 0.01674
32 1.51386 0.01386 0.01176
40 1.51172 0.01172 0.00947
48 1.50933 0.00933 0.00790
55 1.50916 0.00915 0.00680
64 1.50772 0.00772 0.00545
72 1.50648 0.00648 0.00469
80 1.50550 0.00550 0.00409

θ = 2.0
8 2.08228 0.08228 0.10850
16 2.04045 0.04045 0.04545
24 2.02834 0.02834 0.02977
32 2.01848 0.01848 0.02091
40 2.01562 0.01562 0.01683
48 2.01244 0.01244 0.01405
55 2.01221 0.01221 0.01208
64 2.01029 0.01029 0.00968
72 2.00863 0.00863 0.00834
80 2.00734 0.00734 0.00726

Table 7. Parameter estimation of the UT distribution using lower record values.

θ = 1.0
n A.E. A.B. M.S.E.
2 1.2344 0.2344 0.2779
3 1.1225 0.1225 0.0992
4 1.0955 0.0955 0.0605
5 1.0697 0.0697 0.0404

θ = 1.5
2 1.8053 0.3053 0.5592
3 1.6820 0.1820 0.2344
4 1.6422 0.1422 0.1483
5 1.6060 0.1060 0.0886

θ = 2.0
2 2.4427 0.4427 1.1457
3 2.2384 0.2384 0.4294
4 2.1718 0.1718 0.2374
5 2.1229 0.1229 0.1399
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Figure 2. Plots of bias vs sample size and MSE vs sample size for reversed order statistics and record values at different
parameter values.

7. Conclusions

In this study, explicit expressions for the single moments of dgos have been derived. These expressions are
formulated for the general case and for specific cases such as reversed os and lower record values. Furthermore,
recurrence relations for evaluating higher-order moments, including both single and product moments, have been
established and analyzed within the frameworks of reversed os and lower record values. We have also formulated
the mathematical expressions necessary to obtain the MLEs of the unknown parameter θ for both reversed oss
and lower record values. For moment calculations, MATLAB was utilized, while the nleqslv in R was employed
for MLE. The application of these computational methods improved the accuracy and reliability of our parameter
estimates. Simplified expressions for specific special cases were also provided. Additionally, the paper presents
several results concerning the characterization of the distribution. To complement the theoretical developments, we
carried out a comprehensive simulation study to evaluate the performance of the proposed methods.

Specifically, we investigated MLEs, biases, MSEs, and moments of the distribution across different sample sizes
and parameter configurations. The results indicate that, as the sample size increases, both the biases and MSEs of
the parameter estimates decrease, thereby confirming the consistency and efficiency of the estimators.
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