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Abstract In this paper, we introduce the definition of higher-order K-(C, «, p, d)-convexity/pseudoconvexity over cone
and discuss a nontrivial numerical examples for existing such type of functions. The purpose of the paper is to study
higher order fractional symmetric duality over arbitrary cones for nondifferentiable Mond-Weir type programs under higher-
order K -(C, a, p, d)-convexity/pseudoconvexity assumptions. Next, we prove appropriate duality relations under aforesaid
assumptions.
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1. Introduction

Convexity and generalized convexity have been playing an important role in developing optimality and
duality results for multiobjective programming problems which are mathematical models for most of the
real world problems occuring in the fields of engineering, economics, finance, game theory etc. Higher-order
duality is significant due to its computational importance as it provides more higher bounds whenever
approximation is used. Mangasarian [1] formulated higher-order dual for a single objective nonlinear
problems,{minf(z), subjectto g(z) < 0}. Motivated by this concept, many researchers have worked in
this direction. Kassem [3] have been studied higher-order vector optimization problem and derived duality results
under generalized convexity assumptions.

In last many years, various optimality and duality results have been obtained for multiobjective fractional
programming problems. In Chen [2] multiobjective fractional problem and its duality relations have been
considered under higher-order (f, «, p, d)- convexity assumptions. Later on, Suneja et al. [4] proved higher-order
Mond-Weir and Schaible type nondifferentiable dual programs and their duality relations under higher-order
(f,p,o) -type I- assumptions. Recently, Ying [5] has studied higher-order multiobjective symmetric fractional
problem and formulated its Mond- Weir type dual and duality theorems are proved under the higher-order
(f, a, p, d)-convexity assumptions. Several reseachers worked in the same fields[ [11]- [15]].
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188 SYMMETRIC DUALITY IN NONDIFFERENTIABLE MULTIOBJECTIVE FRACTIONAL PROGRAMMING

In the present work, we formulate a pair of nondifferentiable multiobjective Mond-Weir type higher-order
symmetric fractional programming problems over arbitrary cones. For a differentiable function A : X x R" —
R, (X C R™), we introduce the definition of higher-order K — (C, a, p, d)-convexity/pseudoconvexity, which
extends some kinds of generalized convexity. Also, we give nontrivial concrete numerical examples which
is higher-order K — (C,a, p,d)- convex/pseudoconvex function, but it is neither higher-order (C,«,p,d)-
convex/pseudoconvex function nor higher-order K — (F,a, p,d)/(F,«, p,d)- convex/pseudoconvex function.
Finally, we establish appropriate duality theorems under higher-order K-(C, o, p, d) convexity/pseudoconvexity
assumptions followed by conclusions.

2. Preliminaries

Let P be a pointed convex cone with non empty interior in R”. Then, for 2,y € RP, we define three cone orders
with respect to P as follows:

x <y ifandonlyif y—z € intP,
x <y ifandonlyif y—aze P\{0},
z <y ifandonlyif y—z¢€ P

Definition 2.1[9]. Let C' be a compact convex set in R™. The support function of C' is defined by
s(z|C) = max{zTy : y € C}.

A support function, being convex and everywhere finite, has a subdifferential, that is, there exists a z € R™ such
that
s(y|C) = s(z|C) + 2T (y — x),Vz € C.

The subdifferential of s(z|C) is given by
ds(z|C) = {z € C: 2"z = s(x|C)}.
For a convex set D C R™, the normal cone to D at a point € D is defined by
Np(z)={y € R" :y" (2 —x) £0,Vz € D}.
When C is a compact convex set, y € No(z) if and only if s(y|C) = 27y, or equivalently, z € 9s(y|C).
Definition 2.2.[9]. The positive polar cone P* of a cone P is defined by
P*={yecRP:2"y>0,Vz € P}
Now, consider the following multiobjective programming problem:

(P1) K— Minimize f(x)
subjecttoz € XY ={z € S: —g(x) € M}

where S C R™ is open, f:S — RF, g: S — R™, K and M are closed convex pointed cones with nonempty
interiors in R* and R™, respectively.

Definition 2.3. A feasible solution Z € X° is said to be an efficient solution of (P;) if there exists no
x € XY such that f(z) — f(z) € K\{0}.

Definition 2.4[10]. Let C: X x X xR* - R (X CR™) be a function which satisfies C,,(0) =0,
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V(xz,u) € X x X. Then, the function C is said to be convex on R™ with respect to third argument iff for
any fixed (z,u) € X x X,

Cru(Az1+ (1 = N)z2) EAXCy u(z1) + (1 = AN)Cqu(22), YA € (0,1), Vi, 22 € R™.

Many generalizations of the definition of a convex function have been introduced in optimization theory in order
to weak the assumption of convexity for establishing optimality and duality results for new classes of nonconvex
optimization problems, including vector optimization problems. One of such a generalization of convexity in
the vectorial case, we introduce the following concept of higher-order K — (C, o, p, d)- convex/pseudoconvex
functions:

Definition 2.5. A differentiable function f: X — R* is said to be higher order K — (C,, p,d)-convex at
u € X with respect to h: X x R® — R* if for all z € X and p € R*,3 p < RF, a real valued function
a: X xX — Ry \{0}andd: X x X — RF (satisfying d(z, 2) = 0 & z = 2) such that

a(xl ) [fi(z) = fi(u) — ha(u, p1) + pi Vi ha(u, pr) — prdi(z,u) ]| —Co o [V f1(w) + Vi, ha(u, p1)]

_
oz, u)

Se(@) = fre(u) = by (w, pr)+0E Vi e (u, i) — prdi (z,0) | = Cou[Va fe(uw) + Vi, hi(u,pr)] € K.

geee

The function f is said to be higher-order K — (C, a, p, d)— convex over X if, Vu € X itis higher K — (C, o, p,d)—
convex.

The following example shows that 3 functions which are higher-order K — (C,«, p,d)- convex function,
but the functions do not others ( such as higher-order K — (F, , p, d)/(F, o, p, d)- convex functions and higher-
order (C, a, p, d)- convex functions).

Example 2.1. Let X = [0,5] and K = {(x,y) ¢yl £ 20z and x = O}.

Consider the function f = (f1, f2) — R? given by
fil@) = ife™® — ), fola) = i(e" — 7).
Let the convex function C' : X x X x R — R be defined by

a2

Crula) = Z(I —u).

Further, the function = (hy, hs) : X x R™ — R? be defined as
02
hi(u,p1) = 5P ha(u, p2) = —u’ps.

Next a(z,u) =2, d;(z,u) = |r —u|, i=1,2and p; =0, i = 1, 2.

We will prove that the function f = (f1, f2) is higher-order K — (C,a, p, d)-convex function at u = 0. For
this, we have to claim that

II= {a(; 0 [f1(x) = fu(w) = ha(u,p1) + p] Vi, ha(u, p1) = prds (@, w)] = Co [Vaf1(u) + Vi, ha(u, p1)],
1

o) [fa(x) = fa(u) = ha(u, pa) 4+ p3 Vi, ho(u, p2) — pads(x,u)] = Co [Va fa(u) + Vp,ha(u, p2)] } €eK

or
H - ((blv ¢2) S Kv
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190 SYMMETRIC DUALITY IN NONDIFFERENTIABLE MULTIOBJECTIVE FRACTIONAL PROGRAMMING

Figure 1. ¢1 = (sinz — x), Vz € [0, 5] Figure 2. ¢o = (—sinz — z), Yz € [0, 5]
where
d1 = a<xl oy L1 @) = filw) = (s p1) + 20V (1) = prdi @ w0)] = o [V fa () + VP (s p1)]
and
P [fa(2) = fa(u) = ha(u, p2) + p3 Vp,ha(u, p2) — padi(w,u)] = Cou[Va fo(u) + Vi, ha(u, ps)]

oz, u)

Substituting the values f1, fa, h1, ho, a, p1, p2 and d;(z,u), ¢ = 1,2 in the above expressions, we have

1 ) . ) . u2 w2 9 . ) u?
o1 = 3 [i(e™ =€) —i(e™™ —e™) — =P + P 0x (z—u)?] = Coulf(e ™ +e™) + ?]
and
1. . ‘ , , , ,
9 = 3 [i(e”” —e ) —j(e™ — e ™) —ulpy + ulpy — 0 x ((x — u)g] —Cuu [ —(e™ 4™+ ug].
At the point at © = 0, we have
1., .
6 = 3 [z(e " em)] C’w)u[2]
and )
¢2 _ 5 [ _ (ezx e—ix)] _ Cz,u[ 2]
a2
Using the condition C ,,(a) = vy (x — u) in above expressions,

¢1 = (sinz — x)

and
¢2 = (—sinx — x).

Obviously, from the given figures (1) and (2), it follows that
H:((bla ¢2)€K7 VeeX

or
Il = (sinx —z, —sinz —z) € K.

This shows that f = (f1, f2) is higher-order K — (C, a, p, d)- convex function at u = 0.
Obviously, II = (sinx —xz, — sinx —x) % 0, V z € X. This implies the f = (f1,f2) is not higher-order
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Figure 3. ¢3 = 2, Vz € [0, 5] Figure 4. ¢4 = %, vz € [0, 5]

(C, e, p,d)- convex function at the point © = 0. Next, the function C, ,(.) is not sublinear in the third positions.
Hence, the function is neither higher-order K — (F, «v, p, d)- convex function nor higher-order (F, «v, p, d)- convex
function at u = 0.

Definition 2.6. A differentiable function f: X — R, (X C R™) is said to be higher order K — (C, o, p, d)-
pseudoconvex at u € X with respect to h: X x R® — RF if for all z € X and p € R*,3 p € R*, a real valued
functiona: X x X — R, \ {0}andd: X x X — RF (satisfying d(x, z) = 0 <> = z) such that

{C’%u [fol (u) + Vplhl(u,pl)] ,Ca [fog(u) + szhg(u,pg)} vy Cag [fok(u) + Vi, hk(u,pk)] } e K

1
a(z,u)
[fr(x) — fr(w) = hye(u, pr)+pF Vi, hie(u, pi) — prd (2, )] } € K.

- {a(; oy [f1(@) = Fuw) = ha s, p1) + p{ Vs (s p1) = prci(z,w)]
1

az,u)

[f2(z) = fa(u) — ha(u, p2) +

PV gy o (u, p2) — padi(m, )], ...,
Example 2.2. Let X = [0,5] and K = {(x,y) :|y] £ 20z and z 2 0}.

Consider the function f = (f1, f2) — R? given by

o) =@+ =), o) = (S5

Let the convex function C' : X x X x R — R be defined by

a2
Cypula) = Z(ch +u?).

The function h = (hy, ha) : X x R™ — R? is defined as:

2
—u
hi(u,p1) = 5 Pu ha(u, p2) = u'ps.
Next, a(z,u) =2, di(z,u) = |z 4+u|, i=1,2and p; =0, i = 1,2.

In order to prove that the function f = (fi, f2) is higher-order K — (C,«, p,d)-pseudo convex function at
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192 SYMMETRIC DUALITY IN NONDIFFERENTIABLE MULTIOBJECTIVE FRACTIONAL PROGRAMMING

Figure 5. ¢5 = sinhax, Yz € [0, 5] Figure 6. pg = =21 vz € [0, 5]

u = 0. For this, we have to show that

T = {Cm,u [wal (u) + VP] hl (U,pl)] ’ Cw,u [wag(u) + Viﬂz hQ(u’pQ)] } eEK
1

az,u)

:>r:{ L (fu(@) = fa(0) — (s 1) + 9TV (1) — prd2 ()] [f2(2) = fo(w)

a(z,u)
- h2(u7p2) +pgvp2h2(u7p2) - p?d%(xau)] } eK

or
T = (¢3, ps) € K =T = (¢5, ¢6) € K,
where
¢3 = Cou[Vafi(u) + Vp hi(u,p1)], ¢a = Con|Vafa(u)+ Vp,ho(u,p2)],
b5 = a(; ) [f1(z) = fu(u) = ha(u, p1) 4+ pi Vi, ha(u, p1) — prds (z, u)]
and X
b6 = ER] [f2(z) = f2(u) — ha(u, p2) + p3 Vp, ha(u, p2) — pads(z, u)].

Substituting the values f1, fo, h1, he, @, p1, p2 and d;(x,u), i = 1,2 in the above expressions, we have

2 u u
¢3:Cw,u|:(eu+eu)_%:|a ¢4:Cx,u|:e ;6 —|—u4:|,

1 e vy, W 2
(;55:5 (d+e*—e")—(4+e —e)+Ip1—Zp1—0><($+U)
and
1le ™ —e® et —e¥
¢6:§|: 5 —< 5 >—u4pz+u4p2—0><(w+U)2}

which at u = 0, yields

ez

¢3 = Ca:,u(2)7 $s = Cx,u(l)a ¢5 = ( ;€z>

and
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2
. - a : .
Using the condition C;, ,,(a) = Z(x2 + u?) in above expressions,

2
b3 =%, ¢y = (Z) ¢5 = sinhx
and h
—sinhx
do = ( ).

Further, ,

T = (xz, Z) eK <fr0m figures (3) and (4) >
and

—sinhx

I' = ( sinh
(sm x, 5

) €K (from figures (5) and (6) )

This gives that

2 —sinh
T = <x2, z> eK=T= (sinhx, SZ; x) eK

or
T:((b?n ¢4)6K:>F:(¢57 d)G)GK

Therefore, f = (f1, f2) is higher-order K — (C, «, p, d)- pseudoconvex function at u = 0.

—sinhx

Next, T = (sinhz, ) 2 0, V z € X from the figures. This shows that the function f = (f1, f2) is

not higher-order (C,a, p,d)- pseudoconvex function at the point v = 0. Furthermore, the function C; ,(.) is
not sublinear with respect to third variables. Therefore, the function is neither higher-order K — (F, «, p,d)-
pseudoconvex function nor higher-order (F, «, p, d)- pseudoconvex function at u = 0.

Remark 2.1.

(1) If K = R™T, then the Definition 2.5 in reduces in higher-order (C, «, p, d)-convexity given by [6].
(ii) If Cypu(a) =n(z,u)Ta, hi(u,p;) = 2pI'V fi(u)pi, k=1,2,...,k, p=0and a(z,u) =1 then Definition
2.5 becomes K — 7 bonvexity given by [8].

3. Higher-order Mond-Weir fractional symmetric duality
Consider the following multiobjective fractional symmetric dual programs over arbitrary cones::

(MFPP) K-minimize R(IL’, yap) - (Rl (.T, y7p1)7 Rz(l', yap2)7 () Rk(xa yapk))T
subject to

k
- Z )\1 [(vyfz(xvy) — 2z + vpiHi(xvyapi)) - Ri(xvyvpi)(vygi(xvy) + 7+ vPiGi(xayvpi))] € Cékv

i=1

k
yT |:Z /\l [(vyfl(xa y) — 2+ Vp7HZ(x7 yvpl)) - RI(SC, y7pz)(vygl(x7 y) +ri+ VP1G1($7 yapl))] 3 Oa

=1
A Eil’ltK*, x € Cl, Z; € Di, r; € Fi; i=1,2,....k
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. (MFDP) K-maximize S(u7 v, Q) = (Sl (U, v, ql)) SQ(U, v, Q2)7 XX} Sk(ua U, Qk))T
subject to

k
Z )\’L [(foz(ua U) + Ww; + vqiq)i(ua v, QZ)) - Sz(ua v, QZ)(ngl(u7 ’U) - ti + qu‘ \I’Z(’U,, v, QZ))] € Cf7

i=1

k
U‘T |:Z /\Z [(vxfi(uv ’U) +w; + qu', (I)Z(ua v, q7)) - Si(uv v, q7)(vwgz(u7 U) —ti+ vqlqj1(ua v, QZ))] g 07

=1

AeitK*, veCy, w; €Q;, t; €E;, i =1,2,...k,

where
Ri(z,y,p;) = fi(z,y) + s(x|Q:) — yT 2 + Hi(x,y,pi) — p Vp, Hi(z,y,p;)
e gl(x’y) - S<x‘EZ) + yTri + Gl(x7y7pl) _pzTVPzG’L(xayapL) ’
51,0, ) — Jil0) = 501D T wi + B 0,00) = ] VoLl v, 1)

gi(“’”) + S(U|FZ) - uTti + \I}i(uﬂvv qZ) - qiTvql‘lI}i(u7v7 qz) ’

where f;:S1 xSy = R;g;: 51 xS — R;H;,G; : Sy xS xR™— R and ®;,¥;:5; xS x R" - R are
differentiable functions for all ¢ =1,2,...,k. Sy C R™ and S, C R™ are such that C; x Cy C S1 X Ss. Q;, E;
are compact convex sets in R" and D;, F; are compact convex sets in R™, p; € R", q; € R™,i=1,2,...,k,
p=(p1,p2,--Dk), ¢ = (q1,92,...,qr). C7 and C; are positive polar cones of C; and Cs, respectively. It is
assumed that in the feasible regions, the numerators are nonnegative and denominators are positive and K is a
closed convex cone with Ri C K.

Let T = (11, Ts,....,T:)T and W = (Wy,Ws,...,W)T. Then, we can express the programs (MFPP) and
(MFDP) equivalently as:

(MFPP); K- minimize T subject to

(filz,y) + s(z|Qi) — yT 2z + Hi(z,y,p:)) — pF Vi, Hi(z,y,pi))

- E(gL(myy) - S('x‘EZ) + yTri + GL(x7y7pZ) _plTvplG’L(xayapt)) = O,Z = 17 2a ceey k7 (1)
k
=Y N [Vyfilw,y) = 2+ Vi Hi(x,y,pi) — Ti(Vygi(2,9) + i + V,,Gi(x,y,p:))] € C3, 2
=1
k
yT|:Z)\Z [Vyfz(%y) _Zz+vp1HZ(m7y7pz) _Tz(vygl('rvy)+T1+vp1Gz(x7y7pl))] z 07 (3)
i=1

AeintK*,x € Cy,z; € Dy,r; € Fy, i =1,2,.. k.

(MFDP)yy K- maximize W subject to

(fi(u,v) = s(v|D;) + uT'w; + @ (u,v,¢;) — ¢F Vg, @i (u, v, ;)

- W’L(gl(ua U) + S(U|FZ) - uTti + \IJZ'(’U,,’U, qz) - q;qui\Ifi(’U,,’U, qz)) = 077’ = 17 27 sy kv (4)
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k
Z)\i (Vo fi(u,v) + w; + Vg, ®i(u,v,¢;) — Wi(Vagi(u,v) — t; + Vg, Viu, v, ;)] € CF, (5)

i=1

k
u” {Z Ai[(Va filu, 0) +wi + Vg, ®i(w, 0, 65)) = Wi(Vagi(u,v) = ti + Vo, Wilw,0,4,))] | 0, (6)
=1

A€eintK* v e Cy,w; € Qi t; € Eyyi=1,2,...,k.

Next, we prove weak, strong and converse duality theorems for (MFPP); and (MFDP)yy, which one equally apply
to (MFPP) and (MFDP).

Let z = (2’1722, ...,Zk), T = (7‘1,7"2, ...,Tk)7 w = (wl,wg, ...,wk) and t= (t17t27...,tk). f : Sl X SQ — Rk;
g:S1x 8y = R™ H G:5 xSy xR™— RFand ®, V¥ : S; x Sy x R® — RF are differentiable functions.

Theorem 3.1 (Weak duality). Let (z,y,T,z,7r,\,p) be feasible for (MFPP)r and let (u,v, W,w,t, A, q)
be feasible for (MFDP)y. Let f(.,v)+ (.)Tw be higher order K — (C,a,p,d)— convex at u with
respect to ®(u,v,q), —W(g(.,v) — (.\)Tt) be higher-order K — (C,a,p,d)— convex at u with respect to
—W¥(u,v,q), —(f(x,.) = (.)T2) be higher -order K — (C,a,p,d) -convex at y with respect to —H (z,y,p)
and T(g(x,.)+ (.)Tr) be higher -order K — (C,a,p,d)- convex at y with respect to T'G(x,y,p) where
C:R"xR"xR"— Rand C : R™ x R™ x R™ — R. If the following conditions hold:

eltherZ)\ pl (z,u) +p,di2( y)] 20 or p; 20 and p; =20,i=1,2,.... k, @)

Crula) +a™u=0,Yae€Cf, Cpy(b)+by =0, VbeC;. ®)
Then, T — W ¢ —K \ {0}.
Proof

Since f(.,v) + (.)Tw and =W (g(.,v) — (.)Tt) is higher-order K — (C, a, p, d)— convex in the first variable at u
for fixed v, we have

a(z,u) [fi(z,v) + 27w — fi(u,v) —u"wi — @1 (w,v,q1) + ¢f Vo, @1 (u,v, 1) — prdi (2, u)]
1
- Cx,u(vzfl(u7v) +wy + Vq1q>1(U7U7(I1))> ceey O{(IE U) [fk(xav) + .’ET’LUk - fk(u7v) - uka - ‘I)k(U7U7Qk)

a1 Vo @i (u, v, qr) — prdi(x,u)] — Cou (Vo fr(u,v) + w4+ Ve, Pr(u, v, 1)) € K. ©)
and
oz, ) [Wl(*gl(xa v) + 2"ty + g1 (u,v) —uty) + Wi (Wi (u,0,q1) — qf Vo, V1w, v,q1)) — prdi(z, U)]
1
— Cos(Wi(=Vag1(u,v) + t1) = WiV, U1 (u,v,q1)), ooy (o) [(Wi(=gi(z,v) + 2 t) + g (u,v) — u"ty)

+Wk(qjk(u7 v, qk) - qquk \Ijk(uv v, Qk)) - pkdi('xa u)} - Cac,u (Wk(_vxgk(u; ’l}) + tk) - kaqk- \Ijk(uv v, Qk)) € K.
(10)
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Since A € intK™, therefore (9) and (10) yield

K
Z A (filw,v) +2Tw; = fi(u,v) — u"w; — 4w, v, ¢:) + ¢ Vo, ®i(u, v, ¢;))

k k
Ai
fE — = _pid?(z,u) = E AiCou (Vo fi(u,v) + w; + Vg, ®i(u, v, ;).

i=1 a(x, u) i=1

K
AW
Z [ = gi(a,v) + 2Tt + giu,v) — Tt + W(u,0,q5) — ¢f Vo, Ui, 0,¢;)]

k k
zd2 > >\ xu 7 zYi\WUy ti_ \Ijz » Uy 4 .
Za jpe (@) D AiCu (Wil=Vagi(u,v) + ti — Vg, Wi(u,v,:)))

i=1 i=1

k
Now, adding the above two inequalities and then multiplying with —, where 7 = g Ai>0as A\ €intK* C mtRfCF
T

i=1
and using convexity of C, we obtain

Zk: e fz z,0) + T w; — fi(u,0) = ulw; — i(u,v,¢:) + ¢ Vg, @i(u,0, ;)]
i=1k k A
+ ; a( — gi(z,v) + 27t + gi(u,v) — ut; + 9, (u, v, ¢;) — ¢ Vi, Uilu, v, qi)] —2; (e )T pid? ()
k
> C, [Z 2 (a0 0+ ¥ i000,0) = Wi(Tatiin0) = 1+ ¥y i) ) |- 1D
i=1

Now, from (8) as 7 > 0, we have

i
= Z? (Vo fi(u,v) +w; + Vg, i (u, v, ¢;) — Wi(Vegi(u,v) — t; + Vg, V4 (u,v,¢))] € CF.
i=1

Hence, for this a, C,. ,(a) = —uTa = 0 (from (6)). Using this, in (11), we obtain

k
Z oz f1 z,0) + 2w — filu,v) — ulw; — Bi(u,v,¢:) + ¢f Vg, ®i(u, v, 7))
i:lk
+ ; a( — gi(z,v) + 2Tt; + g;(u,v)
k
—ult + Ui (u, v, 4;) — qf Vi, Ui (u v,ql Z Z (z,u).

Since vT'r; < s(v|F;) and using (4) in above inequality, we get

k
D Ailfilw,v) + 2" w; = s(v|Dy) + Wit — o"rs — gi(w, 0))] >2Zm : (12)

=1
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Similarly, by the higher-order K — (C, &, p, d)— convexity of — f(z,.) + (.)Tzand T(g(z,.) + (.)Tr) in the second
variable at y, for fixed x and from the condition (8), for

yfz x y) zi + vlel(xvyapl) - Tl(vygz(x,y) +r+ quGl(wa yvpz))] S C;a

M?r
\1\3'

i=1

we get

k
Z [ fz(x U)"—U Zz_s(x|Qz)+T('U Ty —% t +gz z, U >22>\sz i (13)

i=1
Adding the inequalities (12)-(13) and applying (7), we get

k k
Z)\i(szi — s(v|Dy) + xTw; — s(x|Q:)) + Z)\ (T; — Wi)(gi(z,v) +vTr; —2Tt;) 2 0. 14

=1 =1
Since A > 0 and v”z; < s(v|D;), 27w; < s(x|Q;), the above inequality gives

k
ZA(T Wi)(gi(x,v) +vTr; — zTt;) > 0.

Using (g;(z,v) + vTr; —2Tt;) > 0, i = 1,2,..., k, above inequality gives

k

> AT = W) 2 0. (15)

i=1
Now, suppose on contrary

T-We-K\{0}.

Since A > 0, we have

k
D> (T = Wi) <0
=1

which contradicts (15). This completes the proof. U

Theorem 3.2 (Weak duality). Let (z,y, T, z, 7, A\, p) and (u,v, W, w, t, \, q) be feasible solutions of (MFPP); and
(MFDP)yy, respectively. Suppose that

(i) (f(,v) + ()Tw) = W(g(.,v) — ()Tt) is higher-order K — (C,,p,d)- convex at u with respect to
((I)(U,’()7q) - W\I/(’LL,’U,(])), _ _
(i) (—f(x,.) + ()T2) + T(g9(z,.)+ ()Tr) is higher-order K — (C,&,p,d) -convex at y with respect to
_H(x7yap) +TG($7yap)’
(114) eltherZ)\ pid? () +pzd1 (v, )] Z0orp; 20andp; 20,i=1,2,...,k,
=1

(iv) Cypu(a)+aTu =0,Va € Cf Cyy(b) + b7y = 0,Vb € C3.
Then, T — W ¢ —K \ {0}.

Proof: The proof follows on the lines of Theorem 3.1.
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Remark 3.1 Since every convex function is pseudoconvex, therefore the above weak duality theorem for
the symmetric dual pair (MFPP); and (MFDP)y, can also be obtained under higher-order K — (C, o, p, d)-
pseudoconvexity assumptions.

Theorem 3.3 (Weak duality). Let (x,y,T,z,r,)\, p) be feasible for (MFPP); and let (u,v, W,w,t,\,q)
be feasible for (MFDP)y . Let f(.,v) + (.)Tw be higher order K — (C,a, p,d)— pseudoconvex at u with
respect to ®(u,v,q), —W(g(., v) — (. )Tt) be higher-order K — (C, a, p, d)— pseudoconvex at u with respect to
WY (u,v,q), — (f(:r,.) — (.)z) be higher -order K — (C, a, p, d) -pseudoconvex at y with respect to — H (x, , p)
and T'(g(x,.) + (.)Tr) be higher -order K — (C, @, p, d)-pseudoconvex at y with respect to T'G(z,y,p) where
C:R"xR"xR"— Rand C : R™ x R™ x R™ — R. If the following conditions hold:

either Z/\ pid2(z,u) + pid; (v,y)] =0 or p; 20 and p; = 0,i=1,2,....k (16)

Cyu(a)+a"u=0,VaeCt, Cpylb)+b"y =0, VbeCs. a7
Then, T — W ¢ —K \ {0}.
Proof: The proof follows on the lines of Theorem 3.1.

Theorem 3.4 (Weak duality). Let (z,y, T, z,7, A\, p) and (u,v, W, w, t, A, q) be feasible solutions of (MFPP)7 and
(MFDP)yy, respectively. Suppose that

(@) (f(.,v) + ()Tw) = W(g(.,v) — ()Tt) is higher-order K — (C, a, p, d)- pseudoconvex at u with respect to
(®(u,v,q) — W (u,v,q)), B
(i) (—f(z,.) + ()T2) +T(g9(z,.) + (.)Tr) is higher-order K — (C, &, p, d) -pseudoconvex at y with respect to
—H(Qf, yap) + TG(J?, yap)9
(114) eltherZ)\ pid? (x, ) +p1di (v, )] Z0orp; 20andp; 20,i=1,2,..., k,
i=1

(iv) Cyula)+aTu=0,Ya € C; Cypy(b) + b7y =0,Vb e Cs.
Then, T — W ¢ —K \ {0}.

Proof: The proof follows on the lines of Theorem 3.1.

Theorem 3.5 (Strong duality). Let (7,7,7,%,7, \,p) be an efficient solution of (MFPP)z, and fix A = X
in (MFDP)yy . If the following conditions hold

(Z) VﬁHz(jvyv ) v G (LI? y? ) - O,tiq)i(.f‘,g,()) = vqimi('f7gvo) = O,Hl(j,:lj,()) = Gi(‘i‘7ga0) = 07

0,i=1,2,..k
(ii) for all i € {1,2,...,k}, the Hessian matrix V., H;(Z,7,p;) — T;V.p, Gi(Z,§,p;) is positive or negative
definite,

(iii) the set of vectors {V,fi(Z,9) — Z + Vp, Hi(Z,§,0:) — Ti(Vy9:(Z,9) + 75 + V. Gi(Z,9,p:)) }r_, is
linearly independent,
() forp; € R™, p; #0 (i = 1,2, ..., k) implies that
k

> TV fi(E ) — % + Vo Hi(2,5,05) — Ti(Vy9i(%,9) + 7i + V,,Gi(&,7,7:))] # 0,

i=1
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(v) T; >0, Vie{l,2,...k}.

Then

(a) p; =0,i=1,2,...,k,

(b) there exists w; € Q; and t; € E;, i =1,2,....k such that (z,9,7T,w,t,\,q=0) is a feasible solution of
(MFDP)y

Furthermore, if the hypotheses in Theorems (3.1) — (3.4) are satisfied, then (z, 7, T, w,t, \,q = 0) is an efficient
solution of (M FDP)y , and the two objective values are equal.

Proof

Since (z,7,T,%,7, \,p) is an efficient solution of (MFPP)7. Hence, by the Fritz John necessary optimality
conditions [7], thereexists« € R¥ ,f € RF, y€ Cy, € R, E € R* e R, w; € R"andt; € R, i =1,2,....k
such that

k
(x—z)" [Zﬁz (Vo fi(Z,9) + Wi + Vo Hi (2,5, 93) — Ti(Va9:(Z,9) — t: + VaGi(Z, 7, 9:)))

=1

(v—oy)" (Vi [i(Z, 9) TiV 2 9: (2, 7))

H'M;r

k
+ D (Vo Hil®,9,00) — Ti(VpGi(®,9,5)" (v — 59) N — ﬂim)} 2 0,vz € O, (18)

i=1
k
Zﬁl(vyfl(i‘7g)_27,+VyHl(j7g7ﬁ) T(vygz('x y)—&—rl—l—V G z 2?17 Z yyfz

k
- Tivyygi(f7 g))T(Py - 5@) + Z(vpini(j7 yvﬁl) - Tivpz‘yGi(i'7 gﬂﬁl))T(_ﬁ%ﬁz + (’7 - 5@)5‘1)
i=1

k
—5ZX1[Vyfz(f,ﬂ)—2_1+Vp1H1(5E7z7,ﬁ) T(Vygz(x y)+rz+vsz (jagaﬁz))] :07 (19)

i=1

— Big9i(Z,§) — s(Z|E;) + y'7 + Gi(Z,§,p:) — pi’ Vp, Gi(Z, 7, D))
i,

— (v =09V (Ni(gi(Z,9) + 73 + Vp, Gi(Z, 4, :)) = 0,i = 1,2, ..., k, (20)
(v =0T (Vy fi(Z,§) — % + Vi, Hi(Z, 7, p;)
— Ty(Vygi(Z,9) + 7 + Vp,Gi(Z,§,0:) — & +n)(A— A) =2 0,VA € intK*,i = 1,2, ..., k, 1)
Biy + (v — 09)Ai € Np,(7),i = 1,2,..., k, (23)
BiTiy + NiTy(y — 89) € Ng,(73),i =1,2,..., k, (24)
k
Z V fz z, 3/ —Z; + vp@H ( )) T(vygz(x y) + 7 + Vp@G (jvgaﬁi))) =0, (25)
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k
Zj‘ (VyfilZ,y) — zi + Vp, Hi(2,9,p;) — T(vygz(x )+ 7+ Vp,Gi(2,9,p:) = 0, (26)
Me=o, (27)
n(A\Te—-1) =0, (28)
Wi € Qi t; € By, i1ty = s(Z|Ey), 27 w; = s(%|Qs), i =1,2,..., k, (29)
(a757 E) Z O’ (a’ 6’ ,—Y’ 57 5’ 77) # O' (30)

Since A > 0, and ¢ > 0, (27) implies that & = 0.

Equation (19) can be re-written as

k
> Bi = M)V i@, 9) — % + Vi, Hi( %, 5,53)) — Ti(Vy9i(,9) + i + Vi, Gi(Z, 7, 7)))

i=1

+Zﬁl((vyHl(j7yvp_) Tv G ( )Y, ﬁz)) - (VpiHi(jvyv _i) - Tlvpzal(fag» _Z))
i= 1

+ZA Vi (@,9) = TV 02, 7)) (v — 67)

k
+> (Vo Hi(z,5,9:) — TiVp,yGi(%,5,0:)" (= Bipi + (v — 09)As) = 0. 31
=1

Inequality (21) is equivalent to
(v = o9)" (Vo fi(2,9) — 2 + Vyp, Hi(Z, 5, i)

T (Vygz(l' y) + 7+ vp1G (£7y7ﬁz)) - 57, + n= O7Z = 17 27 ceey k. (32)
By hypothesis (i¢) and (22), we have

Now, we claim that 3; # 0, Vi. If possible, let 8;, = 0 for some t, 1 < ¢y < k, then from )\, > 0 and equation
(33), we have

¥ =0y. (34
Using (33) and (34), we obtain 8;p; = 0, i = 1,2, ..., k. Hence, by hypothesis (i), we get

Using (33)-(35) in (31), we obtain

k
D (B = SN (Vy fil#,9) = % + Vi, Hi(2, 9, 5:) — Ti(Vy9:(%,9) + 75 + Vi, Gi(%,5,5:))) =0, (36)

i=1
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which by hypothesis (i), follows that
Bi—0Xi=0,i=1,2,... k. 37

Now, for i = to, we have 6)\; = 0. This implies 6 = 0. since A\ > 0. Hence, from (37) ; = 0, Vi. Thus, from
relation (20), (34) and (37), we get a; =0, ¢ = 1,2, ..., k. Also, from relations (20) and (34), we get n = 0 and
~ = 0, respectively, which contradicts the fact that («, 3,7, 9,£,m) # 0. Hence 8; # 0, i = 1,2, ..., k.

Now, equation (32) reduces to
(v = 09)" (Vy fi(#,9) — Zi + Vyp, Hi(7,7, Pi)
—T;(Vygi(Z,§) + 7i + Vp,Gi(Z,5,0:)) + 1 =0, i = 1,2, ... k. (38)

Multiplying by \; and summing over i, we get
k
(v —07) Z (Vo fi(Z,§) — 2z + Vy, Hi(Z,9, Di)

~Ti(Vy9i(2,§) + i + Vp,Gi(Z,79,0:)) +1 Mep =0. (39)
Subtracting (26) from (25), we get

k

Using (40) in (39), we get, n = 0.
Now, equation , yield
(v =09)" (Vy fi(2.9) — Zi + Vp Hi(2,5,51) = Ti(Vygi(2,9) +7i + Vp,Gi(2,5.0:)) = 0, i = 1,2, .. k. (41)
Since A > 0, using (33) in (34), we get
Bipt Vy (2, 9) — Zi + Vp, Hi(Z, 9, 0i) — T;(Vy9:(Z,9) + 7 + Vp, Gi(Z,9,0:))] =0, i = 1,2,.., k. (42)
Since 8; # 0, i = 1,2, ..., k, we obtain
pi [Vyfil@,5) = 2+ Vp Hi(2,5,5i) — Ti(Vy9i(T,5) + 7 + Vp, Gi(T,5.51)] =0, i = 1,2,k (43)

or
sz yfz z, ZJ -z +Vy, H; (i‘ Y, ﬁ) T(vygz(x y) +7"z+vsz (53731,251-))] =0. (44)

By the hypothesis (iv), we have p; = 0, ¢« = 1,2, ..., k. Further using, hypothesis (z), using (32)-(33) in (18)-(19),
we get

[ZB, (Vo fi(@,9) + @ — T(Ve9:(2,9) — 1)) | 2 0,Vz € C. 45)
k — —
Z(ﬂi —0N)[Vy fi(Z,9) — Zi — Ti(Vyg:(Z,9) +7:)] = 0. (46)
=1
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Using hypothesis (ii¢) in (46), we have
Bi=0N, i=1,2,..., k. 47

Since 3; #0, X\; > 0,7 =1,2,....k and § = 0, this implies that 3; > 0, Vi. Now, using (47) in (46), we obtain

<x—x>T{ (Vi (5,5) + @ — To(Vagi(5:5) - £2))| 2 0.vw € 1. (48)

k
-rT Z j\z [(Vacfz( ) + wz) Tl<vzgi(i’7 g) - El)] Z 0, (49)

i=1

which in turn implies that for all x € C;, we have

k
in[(vwﬂ( )+ w;) — T;(Vagi(z,5) — 1;))] € CF. (50)

z” Zj\i(vxfi('fa y) + w;) — T;(Vag:(Z,9) — t;)) = 0. (51)

Using p; = 01in (33), we get, v = dy and § > 0, we have

Since 8 > 0 by (23) and the fact that v = 67, we get § € Np,(%;),% = 1,2, ...., k. This implies
'z = s(y|Dy),i =1,2,..., k. (52)
By (24) and hypothesis (v), we have § € Np, (7;),7 = 1,2, ....., k. Hence,
gl =s(glFi),i=1,2,...... k. (53)
Combining (29),(52)-(53) and given equation (1), reduce to
(fi(@,g) + &0 — s(yDs)) — Ti(9:(z,5) — T8 — s(g|Fy)) = 0,6 = 1,2,..... k. (54)
Combining this with (52)-(54), shows that (Z, 7, T, w, t, A, § = 0) is a feasible solution of (M FDP)y.

Under the assumptions Theorems (3.1) — (3.4), if (%,9,T,w,t,A,¢=0) is not an efficient solution
of (MFDP)w, then there exists other feasible solution (u,v w,t, N\, q), of (MFDP)y, such that
W —Te K\{0}.

Since (z, 7, T, w, 1, \, p) is a feasible solution of (MFPP) , by Weak duality theorem, we have W — T ¢ K \ {0},
hence the contradiction implies that (z,7,T,w,, A, q ) is an efficient solution of (M FDP)y . Hence, the
result. O

Theorem 3.6 (Strong duality). Let (z,7,7, 2,7, )\, p) be efficient solution of (MFPP)r, and fix A =\ in
(MFDP)yy,. Suppose that
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(Z) V. H; (jj Ys ) V.G (x Ys ) = O,tii)i(a’:,gj,O) = vqf',\pz('f’Z%O) = Ole(: 770) = Gi(jvg’ 0) =
0,®;(z,y,0) = ¥;(z,9,0) = 0,Vy,H;(Z,7,0) = V,Gi(z,9,0) = 0,V,,H;(Z,7,0) = Vp,,Gi(Z,9,0) =
0,i=1,2,.. k.

(ii) T; > 0,V¥i € 1,2,...... k,

(#47) Vp pi Hi(Z,9,p;) — T;V p,p. Gi(Z, 9, p;) is nonsingular Vi = 1,2, ....., k,
(iv) Z Vi fi(Z,§) — T;Vyy9:(Z, 7)) is positive definite and p;” ((V,H;(2,7,p;) — T;V,Gi(Z, 7, pi)) —

(V, Hi(z,5,p:) — T;Vp,Gi(2,5,p:))) 20, Vi=1,2,....k or ZA Vo fi(@,§) — TiV 4y 9: (%, 7)) is
negative definite and
0" (VyHi(Z,9,0:) — TiVyGi(Z,9,5:)) — (Vp, Hi(T, 7,

(v) the set of vectors {V,fi(Z,9)— 2%z + V,Hi(Z, g
1,2, ...... , k} is linearly independent.

)—TVPzG (Z,9,p1)) £ 0,Vi=1,2, ..., k.
7p_) T(vygl(x y)+rl+vp,G (i’yﬁ) 1=

Then p =0, and there exists w; € Q; and t; € E;, i =1,2,...... .k such that (z,7,T,w,1,\,g=0) is a

feasible solution of (M FDP)y . Furthermore, if the hypotheses in theorems (3.1) — (3.4) are satisfied, then
(z,y,T,w,t,\ q=0) is efficient solution of (M FDP)y , and the two objective values are equal.

Proof: The proof follows Theorem 3.5.

Theorem 3.7 (Converse duality). Let (@, o, W,w,t, )\, q) be efficient solution of (MFPP)y,, and fix A = X
in (MFDP) . If the following conditions hold

(1) qu)i(u ,0) =V, ¥,(a,0,0) =0,V ®:(a,7,0) = Vy, ¥,(q,7,0) =0, H;(u,v,0) = G,;(u,v,0) =
0,®;(w,,0) = ¥,(a,v,0) =0,V,®;(a,v,0) =V,¥;(a,9,0) =0,V,,H;(4,7,0) = V,,G;(4,0,0) =
0,7 =1, 2 k.

(#i) for all i € {1 2,...,k}, the Hessian matrix V,,,, ®;(4, 9, G) — WiV, Vi (4,9, ;) is positive or negative
definite;

(#ii) the set of vectors {V.fi(t,v) +w; + Vg, ®i(4,0,G) — Wi(Vaegi(@,0) —t; + Vg, Ui (0,0, )}, s
linearly independent;
k

(w) for ¢ € R™, ¢ #0, (i=1,2,..,k) implies that Zq‘iT[szi(ﬂjJ) +w; + Vg, ®:(a, 70, —
i=1

Wi(vazgi(a’@) - t_l + VQi\I/i(a>77>CIi))] 7é 0;

(v) W; >0, Viel,2, .., k.
Then

(@) ¢ =0,i=1,2,...,k;

(b) there exists z; € D; and 7; € Fy, i = 1,2,...,k such that (@,5,V,2,7 \,p = 0) is a feasible solution of
(MFDP)y

Furthermore, if the hypotheses in Theorems (3.1) — (3.4) are satisfied, then (a,v, W, 2,7, A, p = 0) is an efficient
solution of (M F DP)r, and the two objective values are equal.

Proof: The proof follows Theorem 3.5.

Theorem 3.8 (Converse duality). Let (@,v,V,w,%,\,q) be efficient solution of (MFPP)y,, and fix A = \
in (MFDP)7. Suppose that

(1) Vu®;(u,0,0) =V, ¥,(4,7,0) =0,V,,P,(4,7,0) =V, ¥,(w,7,0) =0, H;(4,7,0) = G;(4,7,0) =0,
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®,(w,7,0) = ¥,;(u,v,0) =0,V,2,(,7,0) =V,¥%(a,v,0) =0,V,,H;(4,7,0) = V,,Gi(4,0,0) =

(Vg ®i(,0,G) — WiV, V;(14,9,G)) 2 0,Vi=1,2,..., k,

k
or Z i (Vo fi(1,0) — VV4r:(1, ) is negative definite and ;7 (V@ (4, v, G;) — WiV, (4,9, G)) —
:1 B
(Vg ®i(u,v,q:) — WiVg, @ ¥;(u,
(v) the ‘set of vectors {V.fi(a,
1,2, ..., k} is linearly independent.

7Q))§O7VZ:1,27 ..... 7]€._
)+ Wi + Vg, @i(,0,¢;) = Wi(Vagi(2,y) — ti + Vo, Vi(0,0,4:)) : i =

v
v

Then G=0 and there exists % € D; and 7; € F;, i=1,2,....k such that (@,0,W,z,7,\,p=0) is a
feasible solution of (MFDP)7. Furthermore, if the hypotheses in Theorems (3.1) — (3.4) are satisfied, then
(u,v,W,z,7, A\, p = 0) is an efficient solution of (MFDP) and the two objective values are equal.

Proof: The proof follows Theorem 3.5.

4. Conclusion

In this article, we have considered a pair of Mond-Weir type nondifferentiable higher order fractional
symmetric dual program with cone constraints and discussed duality theorems under higher order K —
(C, a, p,d)-convexity/ K — (C, a, p, d) pseudoconvexity assumptions. The present work can further be extended
to nondifferentiable higher order symmetric fractional programming problem over cones under generalized
assumptions. This will orient the future task of the authors.
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