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Abstract In this paper, we study a new notation of coloring of graph, namely a b-local irregularity coloring. Suppose
1:V(G) = {1,2,...,k} is called vertex irregular k-labeling and w : V(G) — N, where w(u) = ZUEN(u) l(v). Every color
class has a representative adjacent to at least one vertex in each of the color classes.! is b-local irregularity coloring. The b-
local irregular chromatic number denoted by x;_;;5(G) is the largest of & such that G admits a b-local irregularity coloring.
In this paper, we study the b-local irregular chromatic number of graphs namely path, cycle, star, friendship, complete,
complete bipartite, and Wheel graph.
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1. Introduction

In this paper, we consider a simple and connected graph G(V, E), where V and E are vertex and edge sets
respectively, for more detail at [1]. Suppose [ : V(G) — {1,2,...,k} is called vertex irregular k-labeling and w :
V(G) = N, where w(u) = 3_, n,) {(v), is called local irregularity vertex coloring. The minimum cardinality
of local irregularity vertex coloring is called the chromatic local irregular number, denoted by x;;s(G). The former
focuses on assigning colors (represented by positive integers) to the vertices of a graph such that the sum of the
colors assigned to the neighbors of any two adjacent vertices is distinct. This concept, introduced and expanded
by Kristiana et al. [2], has been applied to various graph classes including paths, cycles, trees, and more recently,
bicyclic graphs [3].

Irving and Manlove [6] introduced the b-chromatic number. The b-chromatic number of a graph G is the largest
positive integer k such that G admits a proper k- coloring in which every color class has a representative adjacent
to at least one vertex in each of the other color classes. Such a coloring is called a b-coloring. b-coloring has gained
prominence for its requirement that each color class must contain at least one vertex that is adjacent to vertices in
all other color classes. This ensures that the coloring reflects a form of representative.

There are some previous results of b-coloring in some families graph, namely the regular graph [11], the windmill
graph [4], bipartite graph [10] and the graph resulting operation namely the cartesian product [7], the product of
the path and cycle [9], the corona and shadow in Cﬁ [8], and corona product [5].
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In this study, we initiate to combine the two notion, namely local irregularity vertex coloring and b-coloring.
We name for this combination as b-local irregularity coloring. This new concept defines a coloring of a graph
where (1) for every edge uv, the sum of the colors of the neighbors of u is not equal to that of v (local irregularity
condition), and (2) every color class contains at least one vertex that is adjacent to all other color classes (b-coloring
condition). The b-local irregular chromatic number of a graph is the minimum number of colors required to satisfy
both conditions simultaneously. Some research results related to local irregularity coloring and b-coloring used in
this paper are as follows:

Proposition 1
If S,,; Ky Py Cn; Wy, are respectively the star graph, the complete graph, the path graph, the cycle and the wheel
graph on n vertices, then ¢(S,) = 1; 0(K,) = n;o(Py) = ¢(Cy) = 3;0(W,,) =4,n>5

Proposition 2
For every n,m € N, we have p(K(,, n)) = 2, where K, ,,) is a complete bipartite graph.

Proposition 3
If S,; Ky Py Cr; W, are respectively the star graph, the complete graph, the path graph, the cycle graph and the
wheel graph on n vertices, then x;;5(Sn) = 2; x1is(Kn) = 1 X1i5(Pn) = X1is(Cn) = 3; X1is(Wpn) = 4,n > 5

Proposition 4
For every n,m € N, we have X1;s(K(n,m)) = 2, where K, ,,,) is a complete bipartite graph.

2. Results and Discussion

First, we define the new concept of local irregularity vertex coloring and b-coloring as follows.

Definition 1
Let 1:V(G)—{1,2,...,k} is called vertex irregular k-labeling and w:V(G) - N where w(u)=
> ven(u) L(v), 1 is called b-local irregularity coloring if:

1. opt(l) = min{maxz{l;},!; vertex irregular labeling}
2. forevery wv € E(G);w(u) # w(v)
3. every color class has a representative adjacent to at least one vertex in each of the color classes.

Definition 2
The b-local irregular chromatic number denoted by xp—;;5(G) is the largest of k such that G admits a b-local
irregularity coloring.

Lemma 1
For any graph G with x;;5(G) is local irregular chromatic number and ¢(G) is b-chromatic number, then
maz{xiis(G), p(G)} < Xp-1is(G) < A(G) + 1.

Observation 1
Let deg (u) and deg(v) be a degree of two vertices in V (G). If two adjacent vertices u, v has |deg(u) — deg(v)| # 0
the opt(G) =1

Observation 2
Let deg (u) and deg(v) be a degree of two vertices in V(G). If two adjacent vertices u, v has |deg(u) — deg(v)| =0
the opt(G) > 2

We determine the b-local irregular chromatic number of graphs namely path (P, ), cycle (C,,), star (.S, ), friendship
(F'ry,), complete (K — n), complete bipartite (K, ,,) and Wheel (W,,).

Theorem 1
Let P, be a path graph, for n > 4, the b-local irregular chromatic number is xp—;is(Pn) = 3
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Proof

Let P, be a path graph with the vertex set V(P,) = {z; : 1 <i < n} and the edge set E(P,,) = {z;jzi31:1 <i <
n — 1}. The maximum (A) degree of P, is 2 and based on Observation 2, opt(l)(P,,) = 2. Based on Proposition 1,
3 and Lemma 1, max{xuis(Pn), o(Pn)} = max{3,3} < xp—1is(Pn) < A(P,)+1=2+4+1=3.

Case 1. When n is even

Furthermore, we define [ : V(P,) — {1, 2} as follows:

1, diseven,i#2,n
2, iisodd,i=2,n

The labeling provides vertex-weights as follows:

2, disodd,i=n;i#3,n—1
w(z;)) =<3, i=3,n-1
4, diseven,i #n

Based on Definition | and vertex weight, we have three color classes, namely C; = {z; : i is odd;i = 1,n;i #
3,n—1},Cy={z;:i=3,n—1} and C3 = {x; : i is even}. By taking x; € (4, then there is z1z2 € E(P,)
where x5 € C3 and x5 € Co, then there is zox3 € E(P,) where x5 € Cs. It shows that every color class has a
representative adjacent to at least one vertex in each other color classes. Thus, the definition of b-local irregularity
coloring is satisfied.

Case 2. When n is odd

Furthermore, we define [ : V/(P,) — {1, 2} as follows:

1, ¢isodd,i# 1,n
l(xz) = .. . .
2, tiseven,t=1,n

The labeling provides vertex-weights as follows:

2, diseven,i=1,n;i#2,n—1
w(z;) =13, i=2,n—-1
4, disodd,i # 1,n

Based on Definition 1 and vertex weight, we have three color classes, namely Cy = {x; : i is even;i = 1,n;i #
2,n—1},Cy ={z;:i=2,n—1} and C3 = {z; : @ is odd;i # 1,n}. By taking x; € C1, then there is x1x2 €
E(P,) where 25 € C5 and x5 € C, then there is zox5 € E(P,) where 2o € Cs. It shows that every color class has
arepresentative adjacent to at least one vertex in each other color classes. Thus, the definition of b-local irregularity
coloring is satisfied. Based on Definition 2 and the two cases above, it is concluded ;s (P,,) = 3. O

Theorem 2
Let C,, be a cycle graph, for n > 4, the b-local irregular chromatic number is xp—;5(Cr) = 3

Proof

Let C,, be a cycle graph with vertex set V(C,) = {z;: 1 <i <n} and edge set E(C,) = {x;x;41: 1 <i <
n — 1} J{znz1}. The Maximum(A) degree of C,, is 2 and and based on Observation 2, opt(C),) = 3. Based on
Proposition 1, 3 and Lemma 1, maz{xiis(Cy), ©(Cpn)} = maz{3,3} < xp—1is(Cr) < A(Cp) +1=2+1=3.
Case 1. Whenn =0 mod 3

We define [ : V(C,,) — {1,2,3} as follows:

1, ¢=1 mod 3
l(z;) =<2, i=2 mod 3
3, i=0 mod 3
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The labeling provides vertex-weights as follows:

3, 1=0 mod 3
w(z;) =<4, i=2 mod 3
5 ¢=1 mod 3

Based on Definition 1 and vertex weight, we have three color classes, namely Cy = {z;: ¢ =0 mod 3},
Cy={z;:i=2 mod 3},and C3 = {z; : i =1 mod 3}. By taking x5 € C5, then there are x5 € C3,2; € C}
such that zox3, 2122 € E(C,,), and if we take x3 € Cs, the there is x4 € C such that 2324 € E(C,,). It shows that
every color class has a representative adjacent to at least one vertex in each other color classes. Thus, the definition
of b-local irregularity coloring is satisfied.

Case2. Whenn =1 mod 3

We define [ : V(C,,) — {1,2,3} as follows:

1, i=1 mod 3
l(z;) =<2, i=2 mod 3
3, 1=0 mod 3
The labeling provides vertex-weights as follows:
, ©=0 mod 3,i=1
1=2 mod 3,i=n
, i=1 mod 3,i# 1,n

3
w(z;) =1 4
5

Based on Definition | and vertex weight, we have three color classes, namely C; = {z; : i =0 mod 3, i =1},
Coy={z;:i=2 mod 3, i=n}, and C3 ={z;:i=1 mod 3, i# 1,n}. By taking x4 € Cs, then there are
x3 € C1,x5 € Co such that xyxs, z4x5 € E(C),) and if we take x3 € C1, the there is x5 € C5 such that z3zs €
E(C,). It shows that every color class has a representative adjacent to at least one vertex in each other color
classes. Thus, the definition of b-local irregularity coloring is satisfied.

Case 3. When n =2 mod 3

We define [ : V(C,,) — {1,2,3} as follows:

1, i=1 mod 3, i#1
l(x;)=42, i=2 mod 3,i=1
3, ©i=0 mod 3

The labeling provides vertex-weights as follows:

3, 1=0 mod 3,i=n
w(z;)=44, i=2 mod 3,i=1,i+#2,n
5, i=1 mod 3,i=2,i#1
Based on Definition | and vertex weight, we have three color classes, namely C; = {z; : i =0 mod 3, i =n},
Co={z;:i=2 mod 3,i=1,9i#2,n},andC3 = {z; : i =1 mod 3, i =2, i # 1}. By taking x5 € Cj, then
there are x3 € C1, 1 € Co such that z1x9, xox3 € E(C,) and if we take x5 € Cy, the there is xg € C such that
x5x6 € E(Cy). It shows that every color class has a representative adjacent to at least one vertex in each other

color classes. Thus, the definition of b-local irregularity coloring is satisfied. Based on Definition 2 and the three
cases above, it is concluded y;—;;5(Cy) = 3. O

lustration of the b-local irregularity coloring of cycle graph, see Figure 1.

Theorem 3
Let S,, be a star graph, for n > 2, the local b-irregular chromatic number is xp—;5(Sn) = 2.
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Figure 1. Cycle graph C12 and C1g.

Proof

Let S,, be a star graph with vertex set V' (S,,) = {z; : 1 <i < n} and edge set E(S,) = {12, : 2 < i < n}. The
Maximum(A) degree of S,, is n — 1 and based on Observation 1,The opt(S,,) = 1. Based on Proposition 1, 3 and
Lemma 1, max{xiis(Sn), p(Sn)} = max{2,2} =2 < xp—1;s(Sn) < A(Sp)+1=14+1=2.

Furthermore, we define [ : V' (S,,) — {1} as [(x;) = 1. The labeling provides vertex-weights as follows:

1 2<i<nmn

w(w:) = {n,—l i1

Based on Definition 1 and vertex weight we have two color classes namely C; = {z; : 2 <i <n}and Cy = {z1}.
By taking x; € Cy, then there is x5 € E(S,,) where 25 € C;. It shows that every color class has a representative
adjacent to at least one vertex in each other color classes. Thus, the definition of b-local irregularity coloring is
satisfied. Based on Definition 2, it concluded xp—_;;5(S,) = 2 ]

Theorem 4
Let W,, be a wheel graph, for n > 4, the b-local irregular chromatic number is xp—;;s(W,) = 4

Proof

Let W,, be a wheel graph with vertex set V(W,,) = {z; : 1 <i < n}U{z} and edge set E(W,,) = {x;2;11 :
i <n-—1}U{znz1} U{ziz : 1 <i < n}. The maximum(A) = n — 1 and based on Observation 2, opt(W,,)
Based on Proposition 1, 3 and Lemma 1, max{x1is(Wx), o(Wp)} = maz{4,4} < Xp—1:s(Wn) < AW,,) +
n+1=3.

Case 1. Whenn =0 mod 3

We define [ : V/(IW,,) — {1, 2, 3} as follows:

l(z;) =<2, i=2 mod 3

The labeling provides vertex-weights as follows:

4, ©=0 mod 3
w(z) =2nw(z;) =45, =2 mod 3
6, i=1 mod 3
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Based on Definition | and vertex weight, we have three color classes, namely C; = {z; : i =0 mod 3},
Cy={z;:i=2 mod 3}, C5={x;:i=1 mod 3} and Cy = {z}. By taking x5 € Cs, then there are x3 €
Cs,x1 € Cq,x € Cy such that zoxs, x129, 229 € E(W,,). By taking x5 € Cs, the there is x4 € Cy such that
x3x4 € E(W,,) and if we take x; € C1, then there is « € Cy such that xx; € E(W,,). It shows that every color
class has a representative adjacent to at least one vertex in each other color classes. Thus, the definition of b-local
irregularity coloring is satisfied.

Case 2. Whenn =1 mod 3

We define [ : V/(W,,) — {1, 2, 3} as follows:

l(z)=1
1, i=2 mod 3,i=1
l(x;)=42, i=0 mod 3
3, i=1 mod 3,i#1

The labeling provides vertex-weights as follows:

4, i=1 mod 3,i#1,1=2
w(x)=2n+1w(z;) =45, =0 mod 3,i=1
6, i=2 mod 3,1i#2

Based on Definition 1 and vertex weight, we have three color classes, namely C; = {z; : i =1 mod 3, i # 1, i =
2}, Cy={x;:i=0 mod 3, i=1},C3 ={z;:i=2 mod 3, i # 2} and Cy; = {x}. By taking x4 € C4, then
there are z3 € Cs, x5 € Co,x € C4 such that zsx4, z425, 224 € E(W,,). By taking ¢ € Cs, the there is x5 € Co
such that zsx6 € E(W,,) and if we take x5 € Cy, then there is € C4 such that xz5 € E(W),,). It shows that every
color class has a representative adjacent to at least one vertex in each other color classes. Thus, the definition of
b-local irregularity coloring is satisfied.

Case 3. Whenn =2 mod 3

We define [ : V/(W,,) — {1, 2, 3} as follows:

l(z)=1
1, i=2 mod 3,i#2
l(z;)=42, i=0 mod 3,i=1,2,
3, i=1 mod 3,i#1

The labeling provides vertex-weights as follows:

4, i=1 mod 3
w(z) =2nw(z;) =45 i=0 mod 3, i#3,i=2
6, 1=2 mod 3,i#£2,i1=3

Based on Definition 1 and vertex weight, we have three color classes, namely Cq = {z;:¢ =1 mod 3},
Co={z;:i=0 mod 3, i#3, i=2}, C3={z;:i=2 mod 3, i#2, i =3} and Cy = {z}. By taking
x9 € Cy, then there are x3 € Cs, 21 € Cp,x € Cy such that xox3, x122, x29 € E(W,). By taking x3 € Cj, the
there is 4 € C; such that x3z4 € E(W,,) and if we take 1 € C1, then there is © € C4 such that zz; € E(W,,). It
shows that every color class has a representative adjacent to at least one vertex in each other color classes. Thus,
the definition of b-local irregularity coloring is satisfied. Based on Definition 2 and the three cases above, it is
concluded xp—;:5(W),) = 4. O

Theorem 5
Let F'r,, be a friendship graph, for n > 4, the b-local irregular chromatic number is xp—z;s(F'ry,) = 3
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Proof

Let Fr,, be a friendship graph with vertex set V/(Fr,,) = {x} U {x; : 1 <i < n} andedge set E(Fr,) = {z;z;}1 :
1<i<n-—-1}U{z,z1} U{zz; : 1 <i<n}. The maximum(A) = n, and based on Observation 2, opt(F'r,) =
3. Based on Proposition 1, 3 and Lemma 1, max{xys(Frn),o(Fry,)} =max{3,3} =3 < xp—1:s(Wp) <
A(Frp,)+1=2n+1.

We define [ : V(Fr,) — {1,2,3} as follows:

I(z) =1
Uz:) = 1, ZZS even
2, iisodd
The labeling provides vertex-weights as follows:
w(z) = 3n
2, iisodd

w(x;) =
(:) 3, 118 even

Based on Definition 1 and vertex weight, we have two color classes, namely Cy = {z; : i is odd}, Cy = {x; :
i is even}, and C3 = {z}. By taking z; € C1, there is x5 € Co, z € Cs, such that x129; x12 € E(Fry,) and if we
take zo € Cy there is € C such that zox € E(F'ry,). It shows that every color class has a representative adjacent
to at least one vertex in each other color classes. Thus, the definition of b-local irregularity coloring is satisfied.

Based on Definition 2 , it is concluded ;s (Fry) = 3. O

lustration of the b-local irregularity coloring of friendship graph, see Figure 2.

1 2

2 1

Figure 2. friendship graph Fry.

Theorem 6
Let K, be a complete graph, for n > 4 the b-local irregular chromatic number is xp—is(Kp) = n.

Proof

Let V(K,) = {v; : 1 <1 < n} be the vertex set of complete graph. Every vertex is adjacent to all other vertices in
the graph K,, (i.e., 0(K,) = A(K,) =n — 1). Since, the labeling of every vertex in K, is different, we have
opt(K,) = n. Furthermore, we define ! : V(K,) — {1,2,...,n} as I(z;) = 4,1 <i < n. The vertex-weight is
w(z;) = w — 1. The weight of all the vertices are distinct and each weight is adjacent to all other weights. It
shows that every color class has a representative adjacent to at least one vertex in each other color classes. Thus, the

definition of b-local irregularity coloring is satisfied. Based on Definition 2 , it is concluded xp—;is(Kp,) =n. O
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Theorem 7
Let K, ,, be a complete bipartite graph, for n > 2 andm > 2, the b-local irregular chromatic number is

Xb—lis (Kn,m) =2.

Proof

Let K, ., be a complete bipartite graph with vertex set V(K ,,) = {z; : 1 <i <n}J{y;: 1 <j <m} and
>

edge set E(K,, ) = {ziz; : 1 <i<n,1<j<m}. The maximum(A) degree of K, ,, is M =T Based

m, m=>n
on Observation 2, opt(K,, ) = 2. Based on Proposition 2, 3 and Lemma 1, maz{xiis(Knm), o(Kpm)} =
max{2,2} =2 < xp—1is(Knm) < AEKpm)+1=n+1.
Furthermore, we define [ : V(K,, ,,,) — {1, 2} as follows:

The labeling provides vertex-weights as follows:

w(z;) =2m,1 <i<n
w(y;) =n,1<j<m

Based on Definition 1 and vertex weight we have two color classes namely C; = {z; : 1 <i < n} and Cy = {y; :
1 < j <m}. By taking z; € C1, then there is y; € Cs such that y121 € E(K,, ). It shows that every color class
has a representative adjacent to at least one vertex in each other color classes. Thus, the definition of b-local
irregularity coloring is satisfied. Based on Definition 2, it concluded xp—is (K m) = 2 O

3. Concluding Remarks

In this paper, we have studied the b-local irregularity coloring and obtained the b-local irregular chromatic number
of some graphs like path, cycle, star, wheel, friendship, complete and complete bipartite graph.
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