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Abstract This paper aims to obtain a new flexible bivariate generalized family of distributions based on FGM
copula, which is called bivariate FGM Weibull-G family. Some of its statistical properties are studied as marginal
distributions, product moments, and moment generating functions. Some dependence measures as Kendall’s tau
and median regression model are discussed. After introducing the general class, four special sub models of the
new family are introduced by taking the baseline distributions as Pareto, inverted Topp-Leone, exponential, and
Rayleigh distributions. Maximum likelihood and Bayesian approaches are used to estimate the model unknown
parameters. Further, percentile bootstrap confidence interval and bootstrap-t confidence interval are estimated for
the model’s parameters. A Monte-Carlo simulation study is carried out of the maximum likelihood and Bayesian
estimators. Finally, we illustrate the importance of the proposed bivariate family using two real data sets in medical
field.
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1. Introduction

Many authors proposed and studied bivariate distributions, which have wide applications in the fields
of reliability, life testing, censoring, competing risks models, stress-strength model, sports, medical,
engineering, drought, finance, weather, and among others. In the last few years, several ways of generating
new bivariate distributions based on different copula functions and Marshall-Olkin methodology were
discussed as follows:
By using copula function, Flores [6] presented six different bivariate Weibull distributions derived
from copula functions, a bivariate survival model also based on the (Farlie-Gumbel-Morgenstern)
FGM, Clayton, Ali-Mikhail-Haq (AMH), Gumbel-Hougaard, and Gumbel-Barnett copulas. Verrill et
al. [4] introduced a bivariate Gaussian¨CWeibull distribution and the associated pseudo-truncated
Weibull, and they also obtained an asymptotically efficient estimator of the parameter vector of the
bivariate Gaussian¨C Weibull. El-Sherpieny and Almetwally [27] introduced a new extension of bivariate
generalized Rayleigh distribution by using the Clayton copula function. Almetwally and Muhammed [18]
proposed a new bivariate Fréchet distribution based on FGM and AMH copula functions and discussed
their statistical properties. Almetwally et al. [7] introduced bivariate Weibull distribution by using the
FGM copula function and some properties of this distribution are obtained. Samanthi and Sepanski [11]
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proposed families of bivariate copulas based on the Kumaraswamy distribution of existing copulas as
Gumbel, Clayton, Frank, and Galambos.
By using the Marshall-Olkin method, Muhammed [19] proposed bivariate inverse Weibull distribution
whose marginals are inverse Weibull distributions. El-Morshedy et al.[20] introduced a bivariate Burr
X-G (BBX-G) family of distributions based on the Marshall-Olkin method, and they also discussed
maximum likelihood and Bayesian approaches to estimate the model parameters. Eliwa and El-Morshedy
[21] introduced bivariate odd Weibull-G family of distributions based on the Marshall-Olkin method.
Bivariate generalized inverted Kumaraswamy distribution is presented by Muhammed [9]. Alotaibi et al.
[10] proposed a new bivariate exponentiated half logistic distribution. In [38, 39] introduced bivariate
gamma distribution, whose both the marginals are finite mixtures of gamma distributions and study its
properties. The bivariate Lindley distribution using FGM copula has been obtained by [40] and study
some of its properties.

However, there are many important problems in many practical situations, classical bivariate distributions
do not provide adequate fits to real data. Therefore, there is an increased interest in developing more
flexible bivariate distributions. A copula is a convenient approach to describe a multivariate distribution
with a dependence structure. Nelsen [1] introduced copulas as follows; a copula is a function that joins
multivariate distribution functions with uniform [0, 1] margins. Sklar [2] introduced the pdf and cdf for
the two-dimension copula as follows: the two random variables X and Y with distribution functions F (x)
and F (y) respectively, then the cdf and pdf for bivariate copula were respectively given as

F (x, y) = C(F (x; Ω1), F (y; Ω2)), (1)

and
f(x, y) = f(x; Ω1) f(y; Ω2) c(F (x; Ω1), F (y; Ω2)). (2)

Many copulas had been defined based on Equations (1) and (2) such as Farlie-Gumbel-Morgenstern
(FGM). FGM copula is one of the most popular parametric families of copulas, the family was firstly
introduced by Gumbel [3]. Almetwally [28] discussed FGM copula to introduce bivariate Weibull
distribution. The joint cdf of FGM copula and pdf of FGM copula are shown as follows:

C (F (x; Ω1), F (y; Ω2)) = F (x; Ω1) F (y; Ω2) {1 + θ [(1− F (x; Ω1)) (1− F (y; Ω2))]} , (3)

c(F (x; Ω1), F (y; Ω2)) = 1 + θ(1− 2 F (x; Ω1))(1− 2 F (y; Ω2)), (4)
where Ω1 is a vector of parameter for the first variable X, Ω2 is a vector of parameter for the second
variable Y . The range of Spearman correlation coefficient for FGM copula is [-0.333,0.333] and the range
of Kendall correlation coefficient for FGM copula is [-0.222,0.222].

Alzaatreh et al. [17] discussed a general method of generalized families by using the transformed-
transformer (T-X) approach. Based on this approach, Bourguignon et al. [12] proposed a flexible family
called the Weibull-G family, which can be called the odd Weibull-G (WG) family. The Weibull-G
family has received increased attention, which accommodates all five major hazard shapes: increasing,
decreasing, constant, unimodal, and bathtub failure rates. The cdf of the WG family is given by

FWG(x; Ω) = 1− exp

(
−α

[
G(x; Ω)

1−G(x; Ω)

]β)
; x > 0, α, β > 0 (5)

where Ω is a vector of parameters. The odds ratio G(x;Ω)
1−G(x;Ω) means that for each baseline distribution

G(x; Ω) we have a different distributions F (x; α, β,Ω). Also, the generator G(x;Ω)
1−G(x;Ω) satisfies the following

conditions:
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1. G(x;Ω)
1−G(x;Ω) ∈ [a, b] for 0 < a < b < ∞.

2. G(x;Ω)
1−G(x;Ω) is differentiable and monotonically non-decreasing.

3. G(x;Ω)
1−G(x;Ω) =⇒ a as x =⇒ 0 but G(x;Ω)

1−G(x;Ω) =⇒ b as x =⇒ ∞.

The pdf of WG family is given by

fWG(x; Ω) = αβg(x; Ω)
[G(x; Ω)]

(β−1)

[1−G(x; Ω)]
(β+1)

exp

(
−α

[
G(x; Ω)

1−G(x; Ω)

]β)
; x > 0, α, β > 0 (6)

Because of the flexibility of the WG family, there are several extensions are presented, see Almarashi et
al. [13], Eghwerido et al. [14], Elgarhy [15], Chesneau and Achiand [16], and others.

In this paper, we proposed a new bivariate family based on FGM copula function and WG family, which
will be denoted as the BFGMWG family. Statistical properties for this family have been discussed.
The bivariate exponential WG distribution, bivariate inverted Topp-Leone WG distribution, bivariate
Rayleigh WG distribution, and bivariate Pareto WG distribution based on the FGM copula function will
be introduced. Parameter estimation has been discussed by the maximum likelihood estimation method
and Bayesian estimation method by using Metropolis-Hastings. Three types of confidence intervals (CI)
are considered here namely asymptomatic, bootstrap, and Bayesian credible interval to discuss the
interval estimation of the unknown parameters. Some dependence measures as Kendall’s tau correlation
and median regression model will be discussed for the BFGMWG family. Some measures of goodness
of fit will be shown for the bivariate model as Kolmogorov-Smirnov statistic (KSS), Anderson-Darling,
Anderson-Darling, and goodness of fit test for copulas. The application of real data shows that the
proposed distributions are very competitive to some traditional distributions by using different data as
medical data of kidney patients, and diabetic nephropathy data.

The rest of this paper is organized as follows: bivariate BFGMWG family is obtained in Section
2. Some statistical properties of the BFGMWG family are given in Section 3. A special model is obtained
in Section 5. Parameter estimation methods are discussed in Section 6. In Section 7, asymptotic and
bootstrap confidence intervals are discussed. In Section 8, the potentiality of the new model is illustrated
by a simulation study. The goodness of Fit methodology is discussed in Section 9. In Section 10,
application of two real data sets is discussed. Finally, the conclusion of some remarks for the bivariate
BFGMWG family is addressed in Section 11.

2. BFGMWG Family

According to Sklar theorem in Equations (1 and 2), and WG family Equations (5 and 6), we get the joint
cdf and pdf of bivariate WG family based on any copula function as follows

F (x, y) = C

{
1− exp

(
−α1

[
G(x; Ω1)

1−G(x; Ω1)

]β1
)
, 1− exp

(
−α2

[
G(y; Ω2)

1−G(y; Ω2)

]β2
)}

, (7)

Stat., Optim. Inf. Comput. Vol. 10, June 2022



E. A. EL-SHERPIENY, E. M. ALMETWALLY AND H. Z. MUHAMMED 681

and

f(x, y) =α1β1g(x; Ω1)
[G(x; Ω1)]

(β1−1)

[1−G(x; Ω1)]
(β1+1)

exp

(
−α1

[
G(x; Ω1)

1−G(x; Ω1)

]β1
)

α2β2g(y; Ω2)
[G(y; Ω2)]

(β2−1)

[1−G(y; Ω2)]
(β2+1)

exp

(
−α2

[
G(y; Ω2)

1−G(y; Ω2)

]β2
)

c

{
1− exp

(
−α1

[
G(x; Ω1)

1−G(x; Ω1)

]β1
)
, 1− exp

(
−α2

[
G(y; Ω2)

1−G(y; Ω2)

]β2
)}

.

(8)

By using FGM copula function that is given in Equations (3, 4) and bivariate WG family based on any
copula function in Equations (7, 8), we get the joint cdf and pdf of BFGMWG family as follows:

FBFGMWG(x, y) =

{
1− exp

(
−α1

[
G(x; Ω1)

1−G(x; Ω1)

]β1
)}{

1− exp

(
−α2

[
G(y; Ω2)

1−G(y; Ω2)

]β2
)}

(
1 + θ

{
exp

(
−α1

[
G(x; Ω1)

1−G(x; Ω1)

]β1
)
exp

(
−α2

[
G(y; Ω2)

1−G(y; Ω2)

]β2
)})

,

(9)

fBFGMWG(x, y) = α1β1g(x; Ω1)
[G(x; Ω1)]

(β1−1)

[1−G(x; Ω1)]
(β1+1)

exp

(
−α1

[
G(x; Ω1)

1−G(x; Ω1)

]β1
)

α2β2g(y; Ω2)
[G(y; Ω2)]

(β2−1)

[1−G(y; Ω2)]
(β2+1)

exp

(
−α2

[
G(y; Ω2)

1−G(y; Ω2)

]β2
)

(
1 + θ

{
2 exp

(
−α1

[
G(x; Ω1)

1−G(x; Ω1)

]β1
)

− 1

}{
2 exp

(
−α2

[
G(y; Ω2)

1−G(y; Ω2)

]β2
)

− 1

})
,

(10)

In the sub-models of the BFGMWG family, the BFGMWG family is a very flexible model that approaches
different bivariate distributions when its parameters are changed.

• When α1 = α2 = 1, we get a new bivariate FGM modified Kies family, which is a new univariate
family of modified Kies has been introduced by Al-Babtain et al. [35].

• When β1 = β2 = 1, we get a new bivariate FGM odd exponential family, which is an odd generalized
exponential family has been introduced in the univariate case by Tahir et al. [36].

• When β1 = β2 = 2, we get a new bivarite FGM odd Rayleigh family.
• When α1 = α2 = 1, β1 = β2 = 1, we get a new bivarite FGM odd stander exponential family.

3. Properties of BFGMWG Family

In this section, we get some statistical properties of the BFGMWG family such as marginal distributions,
product moments, and moment generating function.

3.1. The Marginal Distributions
The joint pdf of BFGMWG family given in Equation (10) has WG family marginals. The marginal density
functions for X and Y respectively are,

f(x;α1, β1,Ω1) = α1β1g(x; Ω1)
[G(x; Ω1)]

(β1−1)

[1−G(x; Ω1)]
(β1+1)

exp

(
−α1

[
G(x; Ω1)

1−G(x; Ω1)

]β1
)
, (11)
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and

f(y;α2, β2,Ω2) = α2β2g(y; Ω2)
[G(y; Ω2)]

(β2−1)

[1−G(y; Ω2)]
(β2+1)

exp

(
−α2

[
G(y; Ω2)

1−G(y; Ω2)

]β2
)
, (12)

which are WG family as shown in Equations (11, 12).

3.2. Conditional Distribution
The conditional probability distribution of X given Y is given as follows:

f(x|y) =α1β1g(x; Ω1)
[G(x; Ω1)]

(β1−1)

[1−G(x; Ω1)]
(β1+1)

ζ1 (x;α1, β1,Ω1)

{[1 + θ − 2θ (1− ζ2 (y;α2, β2,Ω2))] + 2θ (1− ζ1 (x;α1, β1,Ω1)) [2 (1− ζ2 (y;α2, β2,Ω2))− 1]} .
(13)

where ζj (zj ;αj , βj ,Ωj) = exp

(
−αj

[
G(zj ;Ωj)

1−G(zj ;Ωj)

]βj
)

and j = 1, 2, z is vector of x, y. The conditional cdf of X given Y is as follows:

F (x|y) = [1− ζ1 (x;α1, β1,Ω1)] {[1 + θ − 2θ (1− ζ2 (y;α2, β2,Ω2))]+

θ (1− ζ1 (x;α1, β1,Ω1)) [2 (1− ζ2 (y;α2, β2,Ω2))− 1] }.
(14)

The conditional probability distribution of Y given X as follows:

f(y|x) =α2β2g(y; Ω2)
[G(y; Ω2)]

(β2−1)

[1−G(y; Ω2)]
(β2+1)

ζ2 (y;α2, β2,Ω2)

{[1 + θ − 2θ (1− ζ2 (y;α2, β2,Ω2))] + 2θ (1− ζ1 (x;α1, β1,Ω1)) [2 (1− ζ2 (y;α2, β2,Ω2))− 1]},
(15)

The conditional cdf of Y given X is as follows:

F (y|x) = [1− ζ2 (y;α2, β2,Ω2)] {1 + ζ2 (y;α2, β2,Ω2) [θ − 2θ (1− ζ1 (x;α1, β1,Ω1))] . (16)

By (16), we can generate a bivariate sample of the WG family by using the conditional approach:

• Generate U and V as independently from uniform (0, 1) distribution.

• Set x = QWG(u) = G−1

{
1 +

[
−1
α1

ln (1− U)
] 1

β1

}
.

• Set F (y|x) = V in (16) to find y by numerical analysis as Newton Raphson, and etc.
• Repeat above steps (n) items to obtain (xi, yi), i = 1, ..., n.

3.3. Product Moments, Moment Generating Function
Let (X,Y ) denote a random variable with the pdf of BFGMWG family as in (10). Then its rth and sth

joint moments around zero denoted by µ
′

rs can be expressed as follows

µ
′

rs =E(xrys) =
∞∑

j1,k1=0

∞∑
j2,k2=0

µ
′

rµ
′

s

{
1 + θ − 2θ

[
(1− 2k1) + (1− 2k2)− 4(1− 2k1)(1− 2k2)

]}
.

(17)

where µ
′

r = ξj1,k1

∫∞
0

xrg(x; Ω1)G(x; Ω1)
β1(k1+1)+j1−1 dx, ξjl,kl

= (−1)kl+jl

kl!
βlα

kl+1
l

(
βl(kl+1)+jl

jl

)
; l = 1, 2 and

µ
′

s = ξj2,k2

∫∞
0

ysg(y; Ω2)G(y; Ω2)
β2(k2+1)+j2−1 dy. The moment generating function of BFGMWG family
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is given as

Mx,y(t1, t2) = E(et1x et2y)

=

∞∑
j1,k1,d1=0

∞∑
j2,k2,d2=0

td1
1

d1!

td2
2

d2!
µ

′

d1
µ

′

d2

{
1 + θ − 2θ

[
(1− 2k1) + (1− 2k2)− 4(1− 2k1)(1− 2k2)

]}
.

(18)

3.4. Survival Function
Osmetti and Chiodini (2011) discussed that the reliability function for bivariate distribution based on
copula function, which is more convenient to express a joint survival function as a copula of its marginal
survival functions, where X and Y be a random variable with survival functions 1− F (x) and 1− F (y).
The expression of the joint survival function for copula is as following

s(x, y) = F (x) + F (y)− 1 + C(1− F (x), 1− F (y)).

Then the reliability function of BFGMWG distribution is

s(x, y) =1− exp

(
−α1

[
G(x; Ω1)

1−G(x; Ω1)

]β1
)

− exp

(
−α2

[
G(y; Ω2)

1−G(y; Ω2)

]β2
)

{
exp

(
−α1

[
G(x; Ω1)

1−G(x; Ω1)

]β1
)}{

exp

(
−α2

[
G(y; Ω2)

1−G(y; Ω2)

]β2
)}

(
1 + θ

{[
1− exp

(
−α1

[
G(x; Ω1)

1−G(x; Ω1)

]β1
)][

1− exp

(
−α2

[
G(y; Ω2)

1−G(y; Ω2)

]β2
)]})

.

For further details, see Nelsen [1].

4. Some Dependence Measures

As it’s before indicated FGM copula function serves for discussing dependence between random variables.
Also, copula may be a tool for dependence measuring. Here we will discuss Kendall’s tau and median
regression model.

4.1. Kendall’s Tau Crrelation
Kendall’s tau defines as the probability of concordance minus the probability of discordance of two pairs
of random variables. In terms of copula function

τ = 1− 4

∫ 1

0

∫ 1

0

∂C(u, v)

∂u

∂C(u, v)

∂v
dudv. (19)

In case of FGM copula function ∂C(u,v)
∂u = v + θv − θv2 − 2θuv + 2θuv2 and ∂C(u,v)

∂v = u+ θu− θu2 −
2θuv + 2θu2v. Then τ = 2θ

9 .

4.2. Median Regression Model of BFGMWG Famliy
In addition to measures of association and dependence properties, regression is a method for describing
the dependence of one random variable on another. For random variables X and Y, the regression curve
y = E(Y |x) [Nelsen [1] P. 217]. Let X and Y be a random variables from BFGMWG family. The median
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regression curve of Y on X is P (Y ≤ y|X = x) = 1
2 . In BFGMWG family,

P (Y ≤ y|X = x) = P (F (Y ) ≤ F (y)|F (X) = F (x)) =
∂FBFGMWG(x, y)

∂F (x)
, (20)

By using cdf of BFGMWG family in Equation (9), the partial drvatives of Y on X

∂FBFGMWG(x, y)

∂F (x)
=

{
1− exp

(
−α2

[
G(y; Ω2)

1−G(y; Ω2)

]β2
)}

{
1 + θ

[
−1 + 2exp

(
−α1

[
G(x; Ω1)

1−G(x; Ω1)

]β1
)]

exp

(
−α2

[
G(y; Ω2)

1−G(y; Ω2)

]β2
)}

,

(21)
by setting ∂FBFGMWG(x,y)

∂F (x) = 1
2 and simplifying yields

(4θu− 2θ) v =
√

4θu− 2θ + (1 + θ − 2θu)2 − (1 + θ − 2θu), (22)

where u = F (x) = 1− exp

(
−α1

[
G(x;Ω1)

1−G(x;Ω1)

]β1
)

and v = F (y) = 1− exp

(
−α2

[
G(y;Ω2)

1−G(y;Ω2)

]β2
)

Thus the

median regression curve of V on U is the line in I2 connecting the points
(
0, θ+1−

√
θ2+1

2θ

)
and(

1, θ−1+
√
θ2+1

2θ

)
. Note the special cases: when θ = −1 then the median regression line is v =

√
4u2−4u+2−2u

2−4u ,
and when θ = 1 then the median regression line is v =

√
4u2−4u+2+2u−2

4u−2 . The slope of the median regression
line is

√
θ2+1−1

θ , see Figure 1 as a kind of illustration. Then the median regression curve is linear in F (x)
and F (y):

F (Y ) =

√
4θF (x)− 2θ + (1 + θ − 2θF (x))2 − (1 + θ − 2θF (x))

4θF (x)− 2θ
(23)
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Figure 1. Plots of slope and regression curve of V on U of BFGMWG family

5. Special Model

In this section, we introduced four special models of the BFGMWG family of distributions, the pdf (10)
will be most tractable when the cdf G(x) and pdf g(x) have simple analytic expressions. We provide
four sub-models of this family by taking the baseline distributions: Pareto, inverted Topp-Leone (ITL),
exponential, and Rayleigh distributions. The cdf and pdf of these baseline models are listed in the following
Table 1.
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Table 1. cdf and pdf as baseline models

Model Cdf : G(x; δ) pdf : g(x; δ) G(x;δ)
1−G(x;δ)

Pareto 1− 1
xδ ;x > 1 δ

xδ+1
δ
x

ITL 1− (1+2x)δ

(1+x)2δ
;x > 0 2δx (1+2x)δ−1

(1+x)2δ+1
2δx

(1+x)(1+2x)

Exponential 1− e−δx;x > 0 δe−δx eδx − 1

Rayleigh 1− e−
δ
2x

2

;x > 0 δxe−
δ
2x

2

e
δ
2x

2 − 1

5.1. BFGMWG-Pareto (BFGMWGP) Distribution
By using WG family and Pareto distribution to obtain WG-Pareto (WP) distribution, the cdf and pdf of
BFGMWGP distribution are

FBFGMWGP (x, y) =

{
1− exp

(
−α1

[
δ

x

]β1
)}{

1− exp

(
−α2

[
δ2
y

]β2
)}

1 + θ

{
exp

(
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[
δ

x

]β1
)
exp

(
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[
δ2
y

]β2
)}

,

(24)

and

fBFGMWGP (x, y) = α1β1α2β2
δ1

xδ1+1

δ2
yδ2+1

[
1− 1

xδ1

](β1−1)[
1

xδ1
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x

]β1
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[
δ2
y
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)

[
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yδ2
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[
1
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(
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{
2 exp

(
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δ1
x

]β1
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− 1

}{
2 exp

(
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δ2
y
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(25)
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Figure 2. Plots of joint pdf of BFGMWGP distribution

5.2. BFGMWG-ITL (BFGMWGITL) Distribution
By using WG family and ITL distribution to obtain WG-Pareto (WITL) distribution, the cdf and pdf of
BFGMWGITL distribution are
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Figure 3. Plots of joint hazard function of BFGMWGP distribution

FBFGMWGITL(x, y) =

{
1− exp

(
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[
2δ1x

(1 + x)(1 + 2x)

]β1
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1− exp
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)
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(
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,

(26)
and

fBFGMWGITL(x, y) = α1β1α2β24δ1x(1 + 2x)δ1−1(1 + x)−2δ1−1δ2x(1 + 2y)δ2−1(1 + y)−2δ2−1[
(1 + x)2δ1 − (1 + 2x)δ1

](β1−1)
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[
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,

(27)

5.3. BFGMWG-Exponential (BFGMWGE) Distribution
By using WG family and exponential distribution to obtain WG-exponential (WE) distribution, the cdf
and pdf of BFGMWGE distribution are

FBFGMWGE(x, y) =
{
1− exp

(
−α1

[
eδ1x − 1

]β1
)}{

1− exp
(
−α2

[
eδ2y − 1

]β2
)}

(
1 + θ

{
exp

(
−α1

[
eδ1x − 1

]β1
)
exp

(
−α2

[
eδ2y − 1

]β2
)})

,
(28)
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Figure 4. Plots of joint pdf of BFGMWGITL distribution
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Figure 5. Plots of joint hazard function of BFGMWGITL distribution

and

fBFGMWGE(x, y) = α1β1α2β2δ2δ

[
1− e−δ1x

](β1−1)

[e−δ1x]
(β1)

exp
(
−α1

[
eδ1x − 1

]β1 − α2

[
eδ2y − 1

]β2
)

[
1− e−δ2y

](β2−1)

[e−δ2y]
(β2)

(
1 + θ

{
2 exp

(
−α1

[
eδ1x − 1

]β1
)
− 1
}{

2 exp
(
−α2

[
eδ2y − 1

]β2
)
− 1
})

,

(29)

The rth and sth joint moments around zero for BFGMWGE can be expressed as follows

µ
′

rs =

∞∑
j1,k1,q1=0

ξ∗(j1,k1,q1)

r!

δr1(q1 + 1)r+1

∞∑
j2,k2,q2=0

ξ∗(j2,k2,q2)Ξk1,k2

s!

δs2(q2 + 1)s+1 (30)

where Ξk1,k2 = 1 + θ
[
1− 2

(
1− 2k1

)
− 2

(
1− 2k2

)
+ 4

(
1− 2k1

) (
1− 2k2

)]
and ξ∗(jl,kl,ql)

=

ξ(jl,kl)

(
βl(kl+1+1kl−1)

ql

)
(−1)ql . The moment generating function of BFGMWGE distribution is given
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Figure 6. Plots of joint pdf of BFGMWGE distribution
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Figure 7. Plots of joint hazard function of BFGMWGE distribution

as

Mx,y(t1, t2) =
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j1,k1,q1,d1=0
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j2,k2,q2,d2=0

td1
1

d1!

td2
2

d2!
ξ∗(j1,k1,q1)ξ

∗
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d1!

δd1
1 (q1 + 1)d1+1

d2!

δd2
2 (q2 + 1)d2+1

.

(31)

5.4. BFGMWG-Rayleigh (BFGMWGR) Distribution
By using WG family and Rayleigh distribution to obtain WG-Rayleigh (WR) distribution, the cdf and
pdf of BFGMWGR distribution are

FBFGMWGR(x, y) =

{
1− exp

(
−α1

[
e

δ1
2 x2

− 1
]β1
)}{

1− exp

(
−α2

[
e

δ2
2 y2

− 1
]β2
)}

(
1 + θ

{
exp

(
−α1

[
e

δ1
2 x2

− 1
]β1
)
exp

(
−α2
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e

δ2
2 y2
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]β2
)})

,

(32)
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and

fBFGMWGR(x, y) = α1β1δ1α2β2δ2xy
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δ1
2 x2
](β1−1)

[
e−

δ1
2 x2
](β1)

exp

(
−α1

[
e

δ1
2 x2

− 1
]β1

− α2

[
e

δ2
2 y2

− 1
]β2
)

[
1− e−

δ2
2 y2
](β2−1)

[
e−

δ2
2 y2
](β2)

(
1 + θ

{
2 exp

(
−α1

[
e

δ1
2 x2

− 1
]β1
)
− 1

}{
2 exp

(
−α2

[
e

δ2
2 y2

− 1
]β2
)
− 1
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(33)
The rth and sth joint moments around zero for BFGMWGR can be expressed as follows
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Figure 8. Plots of joint pdf of BFGMWGR distribution
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Figure 9. Plots of joint hazard function of BFGMWGR distribution
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The moment generating function of BFGMWGR distribution is given as

Mx,y(t1, t2) =

∞∑
j1,k1,q1,d1=0

∞∑
j2,k2,q2,d2=0

td1
1

d1!

td2
2

d2!
ξ∗(j1,k1,q1)ξ

∗
(j2,k2,q2)Ξk1,k2Γ

(
d1
2

+ 1

)
2

d1
2

δ
2− d1

2
1

1

1− q1

d1
2 −1

Γ

(
d2
2

+ 1

)
2

d2
2 δ

2− d2
2

2

1

1− q2

d2
2 −1

.

(35)

Figures (2, 4, 6, 8) show that the 3-dimension plots for the joint pdf for different distributions of BFGMWG
family, and Figures (3, 5 7, 9) joint hazard rate functions for different distributions of BFGMWG family
with different values of parameters. The hazard function behavior has more than one direction, where it
takes an increasing and decreasing, which will have many applications in life testing.

6. Parameter Estimation Methods

In this section, we introduce two estimation methods that are used to estimate the unknown parameters
of the BFGMWG family, such as maximum likelihood estimation (MLE) and Bayesian estimation.

6.1. Maximum Likelihood Estimation (MLE)
In this subsection, we estimate the unknown parameters of the BFGMWG family using the maximum
likelihood method. Suppose that (x1, y1), (x2, y2), ..., (xn, yn) is a sample of size n, from the BFGMWG
family. For more information about this method see Kim et al. [22]. The likelihood function of the
BFGMWG family is as follows

(Θ) = (α1β1α2β2)
n
exp

(
−α1

n∑
i=1

[
G(xi; Ω1)

1−G(xi; Ω1)

]β1
)

n∏
i=1

g(xi; Ω1)
[G(xi; Ω1)]

(β1−1)

[1−G(xi; Ω1)]
(β1+1)

exp

(
−α2

n∑
i=1

[
G(yi; Ω2)

1−G(yi; Ω2)

]β2
)

n∏
i=1

g(yi; Ω2)
[G(yi; Ω2)]

(β2−1)

[1−G(yi; Ω2)]
(β2+1)

n∏
i=1

(1 + θ {2 ζ1 (x;α1, β1,Ω1)− 1} {2 ζ2 (y;α2, β2,Ω2)− 1}) ,

(36)

where Θ is a vector of parameters of BFGMWG family,
ζ1 (xi;α1, β1,Ω1) = exp

(
−α1

∑n
i=1

[
G(xi;Ω1)

1−G(xi;Ω1)

]β1
)

,

ζ2 (yi;α2, β2,Ω2) = exp

(
−α2

∑n
i=1

[
G(yi;Ω2)

1−G(yi;Ω2)

]β2
)

and the log-likelihood function of BFGMWG family
can be written as

(Θ) =n [log(α1) + log(β1)]− α1

n∑
i=1

[
G(xi; Ω1)

1−G(xi; Ω1)

]β1

+

n∑
i=1

log

(
g(xi; Ω1)

G(xi; Ω1)2

)
+

(β1 + 1)

n∑
i=1

log

{[
G(xi; Ω1)

1−G(xi; Ω1)

]}
+ n [log(α2) + log(β2)]− α2

n∑
i=1

[
G(yi; Ω2)

1−G(yi; Ω2)

]β2

+

n∑
i=1

log

(
g(yi; Ω2)

G(yi; Ω2)2

)
+ (β2 + 1)

n∑
i=1

log

{[
G(yi; Ω2)

1−G(yi; Ω2)

]}
+

n∑
i=1

log (1 + θ {2 ζ1 (x;α1, β1,Ω1)− 1} {2 ζ2 (y;α2, β2,Ω2)− 1}).

(37)
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The estimates of all parameters are obtained by differentiating the log-likelihood function in (37)
concerning each parameter separately and equating to zero, as following

∂l(Θ)

∂αj
=− 2θ

n∑
i=1

[
G(zji;Ωj)

1−G(zji;Ωj)

]βj

ζj (zj ;αj , βj ,Ωj) {2 ζl (zl;αl, βl,Ωl)− 1}

1 + θ {2 ζ1 (x;α1, β1,Ω1)− 1} {2 ζ2 (y;α2, β2,Ω2)− 1}
+

n

αj
−

n∑
i=1

[
G(zji; Ωj)

1−G(zji; Ωj)

]βj

,

∂l(Θ)

∂βj
=− 2θαj

n∑
i=1

∑n
i=1

[
G(zji;Ωj)

1−G(zji;Ωj)

]βj

log
[

G(zji;Ωj)
1−G(zji;Ωj)

]
ζj (zj ;αj , βj ,Ωj) {2 ζl (zl;αl, βl,Ωl)− 1}

1 + θ {2 ζ1 (x;α1, β1,Ω1)− 1} {2 ζ2 (y;α2, β2,Ω2)− 1}

+
n

βj
− αj

n∑
i=1

[
G(zji; Ωj)

1−G(zji; Ωj)

]βj

log

[
G(zji; Ωj)

1−G(zji; Ωj)

]
+

n∑
i=1

log

{[
G(zji; Ωj)

1−G(zji; Ωj)

]}
,

∂l(Θ)

∂Ωj
=(βj + 1)

n∑
i=1

Ξ(zji; Ωj)

G(zji; Ωj) [1−G(zji; Ωj)]
− αjβj

n∑
i=1

[
G(zji; Ωj)

1−G(zji; Ωj)

]βj−1
Ξ(zji; Ωj)

[1−G(zji; Ωj)]
2

+

n∑
i=1

ξ(zji; Ωj)G(zji; Ωj)− 2g(zji; Ωj)Ξ(zji; Ωj)

g(zji; Ωj)G(zji; Ωj)

− 2αjβjθ

n∑
i=1

[
G(zji;Ωj)

1−G(zji;Ωj)

]βj−1
Ξ(zji;Ωj)

[1−G(zji;Ωj)]
2 ζj (zj ;αj , βj ,Ωj) (2ζl (zl;αl, βl,Ωl)− 1)

1 + θ {2 ζ1 (x;α1, β1,Ω1)− 1} {2 ζ2 (y;α2, β2,Ω2)− 1}
,

and
∂l(Θ)

∂θ
=

n∑
i=1

{2 ζ1 (x;α1, β1,Ω1)− 1} {2 ζ2 (y;α2, β2,Ω2)− 1}
1 + θ {2 ζ1 (x;α1, β1,Ω1)− 1} {2 ζ2 (y;α2, β2,Ω2)− 1}

,

where Ξ(zji; Ωj) =
∂G(zji;θ)

∂Ωj
, ξ(zji; Ωj) =

∂g(zji;Ωj)
∂Ωj

and j = l = 1, 2; j ̸=l

6.2. Bayesian Estimation
The Bayesian estimation method is an alternative statistical estimation method that allows the
incorporation of prior knowledge of parameters through an informative prior distribution. When there
is not much prior knowledge one can consider a non-informative prior structure. In this section, we
consider Bayesian estimation of the BFGMWG family parameters assuming that random variables
Θ = (α1, β1,Ω1, α2, β2,Ω2, θ). The Bayesian approach of Bivariate model based on FGM copula, in
inference, is usually carried out in the following steps:

1. Choose the independent prior distributions πj(Θj); j = 1, ...,p− 1 for all parameters, where p =

length(Θ), the joint independent prior distribution is Π(Θ) =
∏p−1

j=1 πj(Θj).
2. Choose the independent prior distribution for copula parameter πj(θ).
3. Obtain the likelihood function for joint statistical model L(x, y|Θ) that reflects our beliefs about X

and Y given Θ.
4. Compute the joint posterior distribution (Θ|x, y) by applying Bayes law of conditional probabilities

Π(Θ|x, y) = Π(Θ) L(x, y|Θ)∫
Θ1

...
∫
Θj

Π(Θ) L(x, y|Θ)dΘ1...dΘj

5. Obtaining the proportional posterior distribution for Θj ; j = 1, ..., p.
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6. Using numerical analysis of Bayesian estimation as Markov chain Monte Carlo (MCMC) by using
Gibbs-sampling or Metropolis-Hastings (MH) Algorithm.

7. Choosing symmetric and asymmetric loss functions.

For more information see Suzuki et al. [32] and Louzada et al. [33].
In parameters (α1, β1,Ω1, α2, β2,Ω2), we have use informative prior as independent gamma distributions.
In copula parameter, we use non informative prior distribution such as uniform(a, b); − 1 < θ < 1. In
case of BFGMWGE distribution, the independent joint prior density function of Θ can be written as
follows:

Π(Θ) ∝ αa1−1
1 βa2−1

1 Ωa3−1
1 αa4−1

2 βa5−1
2 Ωa6−1

2

1

b7 − a7
e−(b1α1+b2β1+b3Ω1+b4α2+b5β2+b6Ω2) (38)

To determine elicit hyper-parameters of the independent joint prior, we can use estimate and variance-
covariance matrix of MLE method. By equating mean and variance of gamma priors, the estimated
hyper-parameters can be written as

aj =

[
1
L

∑L
i=1 Θ̂

i
j

]2
1

L−1

∑L
i=1

[
Θ̂i

j − 1
L

∑L
i=1 Θ̂

i
j

]2 ; j = 1, ..., p− 1,

bj =
1
L

∑L
i=1 Θ̂

i
j

1
L−1

∑L
i=1

[
Θ̂i

j − 1
L

∑L
i=1 Θ̂

i
j

]2 ; j = 1, ..., p− 1,

where, L is the number of Iteration. For copula parameter, the estimated hyper-parameter can be written
as

a7 =

√√√√ 3

L− 1

L∑
i=1

[
θ̂i − 1

L

L∑
i=1

θ̂i

]2
− 1

L

L∑
i=1

θ̂i,

b7 =
1

L

L∑
i=1

θ̂i −

√√√√ 3

L− 1

L∑
i=1

[
θ̂i − 1

L

L∑
i=1

θ̂i

]2
,

The joint posterior density function of Θ is obtained from the likelihood function and joint prior
function. Then the joint posterior of the BFGMWG family can be written as

Π(Θ|x, y) ∝αn+a1−1
1 βn+a2−1

1 Ωa3−1
1 αn+a4−1

2 βn+a5−1
2 Ωa6−1

2 e−(b2β1+b3Ω1+b5β2+b6Ω2)

exp

{
−α1

(
n∑

i=1

[
G(xi; Ω1)

1−G(xi; Ω1)

]β1

+ b1

)}
n∏

i=1

g(xi; Ω1)
[G(xi; Ω1)]

(β1−1)

[1−G(xi; Ω1)]
(β1+1)

exp

{
−α2

(
n∑

i=1

[
G(yi; Ω2)

1−G(yi; Ω2)

]β2

+ b4

)}
n∏

i=1

g(yi; Ω2)
[G(yi; Ω2)]

(β2−1)

[1−G(yi; Ω2)]
(β2+1)

n∏
i=1

(1 + θ {2 ζ1 (xi;α1, β1,Ω1)− 1} {2 ζ2 (yi;α2, β2,Ω2)− 1}) ,

(39)

By using the most common symmetric loss function, which is a squared error loss function. The Bayes
estimators of Θ̂ based on squared error loss function is given by

S(Θ̃) =E
(
Θ̃−Θ

)2∫ ∞

0

...

∫ ∞

0

∫ 1

−1

(
Θ̃−Θ

)2
Π(Θ|x, y)dΘ1...dΘ7

(40)
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It is noticed that the integrals given by (40) can’t be obtained explicitly. Because of that, we use the
MCMC to find an approximate value of integrals. An important sub-class of the MCMC techniques is
Gibbs sampling and more general Metropolis within Gibbs samplers. The MH algorithm together with
the Gibbs sampling is the two most popular examples of an MCMC method. It’s similar to acceptance-
rejection sampling, the MH algorithm considers that, to each iteration of the algorithm, a candidate value
can be generated from a proposal distribution. We use the MH within Gibbs sampling steps to generate
random samples from conditional posterior densities of the BFGMWG family are as follows:

Π(α1|β1,Ω1, α2, β2,Ω2, θ, x, y) ∝αn+a1−1
1 exp

{
−α1

(
n∑

i=1

[
G(xi; Ω1)

1−G(xi; Ω1)

]β1

+ b1

)}
n∏

i=1

(1 + θ {2 ζ1 (xi;α1, β1,Ω1)− 1} {2 ζ2 (yi;α2, β2,Ω2)− 1}) ,

Π(β1|α1,Ω1, α2, β2,Ω2, θ, x, y) ∝ βn+a2−1
1 e−b2β1exp

{
−α1

(
n∑

i=1

[
G(xi; Ω1)

1−G(xi; Ω1)

]β1

+ b1

)}
n∏

i=1

[G(xi; Ω1)]
(β1−1)

[1−G(xi; Ω1)]
(β1+1)

(1 + θ {2 ζ1 (xi;α1, β1,Ω1)− 1} {2 ζ2 (yi;α2, β2,Ω2)− 1}) ,

Π(Ω1|α1, β1, α2, β2,Ω2, θ, x, y) ∝ Ωa3−1
1 e−b3Ω1exp

{
−α1

(
n∑

i=1

[
G(xi; Ω1)

1−G(xi; Ω1)

]β1

+ b1

)}
n∏

i=1

g(xi; Ω1)
[G(xi; Ω1)]

(β1−1)

[1−G(xi; Ω1)]
(β1+1)

n∏
i=1

(1 + θ {2 ζ1 (xi;α1, β1,Ω1)− 1} {2 ζ2 (yi;α2, β2,Ω2)− 1}) ,

Π(α2|α1, β1,Ω1, β2,Ω2, θ, x, y) ∝ αn+a4−1
2 exp

{
−α2

(
n∑

i=1

[
G(yi; Ω2)

1−G(yi; Ω2)

]β2

+ b4

)}
n∏

i=1

(1 + θ {2 ζ1 (xi;α1, β1,Ω1)− 1} {2 ζ2 (yi;α2, β2,Ω2)− 1}) ,

Π(β2|α1, β1,Ω1, α2,Ω2, θ, x, y) ∝ βn+a5−1
2 e−b5β2exp

{
−α2

(
n∑

i=1

[
G(yi; Ω2)

1−G(yi; Ω2)

]β2
)}

n∏
i=1

[G(yi; Ω2)]
(β2−1)

[1−G(yi; Ω2)]
(β2+1)

(1 + θ {2 ζ1 (x;α1, β1,Ω1)− 1} {2 ζ2 (y;α2, β2,Ω2)− 1}) ,

Π(Ω2|α1, β1,Ω1, α2, β2, θ, x, y) ∝ Ωa6−1
2 e−b6δ2

n∏
i=1

g(yi; Ω2)
[G(yi; Ω2)]

(β2−1)

[1−G(yi; Ω2)]
(β2+1)

ζ2 (y;α2, β2,Ω2)

n∏
i=1

(1 + θ {2 ζ1 (xi;α1, β1,Ω1)− 1} {2 ζ2 (yi;α2, β2,Ω2)− 1}) ,

and

Π(θ|α1, β1,Ω1, α2, β2,Ω2, x, y) ∝
n∏

i=1

(1 + θ {2 ζ1 (xi;α1, β1,Ω1)− 1} {2 ζ2 (yi;α2, β2,Ω2)− 1}) ,
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In Highest Posterior Density (HPD) Intervals: Chen and Shao [34] technique was used extensively to
generate the HPD intervals of unknown parameters of the benefit distribution. In this study, samples
drawn with the proposed MH algorithm should be used to generate time-lapse estimates. From the
percentile tail points, for instance, a 90% HPD interval can be obtained with two endpoints being the 7th
and 95% percentiles respectively from the MCMC sampling outputs. It is sometimes useful to present the
posterior median to informally check on possible asymmetry in the posterior density of a parameter.

7. Confidence Intervals

In this section, we propose two different methods to construct confidence intervals (CI) for the unknown
parameters of the BFGMW-G family, which are asymptotic confidence interval (ACI) and bootstrap
confidence interval of αj , βj , δj where j = 1, 2 and θ. The bootstrap approach is subdivided into percentile
bootstrap and bootstrap-t.

7.1. Asymptotic Confidence Intervals
The most common method to set confidence bounds for the parameters is to use the asymptotic normal
distribution of the MLE. In relation to the asymptotic variance-covariance matrix of the MLE of the
parameters, Fisher information matrix I(Θ), where it is composed of the negative second derivatives of
the natural logarithm of the likelihood function evaluated at Θ̂ = (α̂1, β̂1, δ̂1, α̂2, β̂2, δ̂2, θ̂). Suppose the
asymptotic variance-covariance matrix of the parameter vector Θ is

I(Θ̂) =



Iα̂1α̂1

Iβ̂1α̂1
Iβ̂1β̂1

Iδ̂1α̂1
Iδ̂1β̂1

Iδ̂1δ̂1
Iα̂2α̂1 Iα̂2β̂1

Iα̂2δ̂1
Iα̂2α̂2

Iβ̂2α̂1
Iβ̂2β̂1

Iβ̂2δ̂1
Iβ̂2α̂2

Iβ̂2β̂2

Iδ̂2α̂1
Iδ̂2β̂1

Iδ̂2δ̂1 Iδ̂2α̂2
Iδ̂2β̂3

Iδ̂2δ̂2
Iθ̂α̂1

Iθ̂β̂1
Iθ̂δ̂1 Iθ̂α̂2

Iθ̂β̂2
Iθ̂δ̂2 Iθ̂θ̂


where V (Θ̂) = I−1(Θ̂)
A 100(1− γ)% confidence interval for parameter Θ can be constructed based on the asymptotic normality
of the MLE.
α̂j ± Z0.025

√
Iα̂j α̂j

, β̂j ± Z0.025

√
Iβ̂j β̂j

, δ̂j ± Z0.025

√
Iδ̂j δ̂j and θ̂ ± Z0.025

√
Iθ̂θ̂,

where Z0.025 is the percentile of the standard normal distribution with right tail probability γ
2 .

7.2. Bootstrap Confidence Interval
The bootstrap is a resampling method for statistical inference. It is commonly used to estimate confidence
intervals. For more information see Efron [24]. In this subsection, we use the parametric bootstrap
method to construct confidence intervals for the unknown parameters αk, βk,Ωk where k = 1, 2 and θ.
We introduced two parametric bootstrap methods, percentile bootstrap (B-P) and bootstrap-t (B-t) CI.

7.2.1. Percentile Bootstrap Confidence Interval

1. Compute the MLE or Bayesian estimators of BFGMWG distribution.
2. Generate a bootstrap samples using αk, βkand θ to obtain the bootstrap estimate of αk say αb

k , βk

say βb
k and θ say θb using the bootstrap sample.

3. Repeat step (2) B times to have (α
b(1)
k , α

b(2)
k , . . . , α

b(B)
k ), (β

b(1)
k , β

b(2)
k , . . . β

b(B)
k )and

(θ
b(1)
k , θ

b(2)
k , . . . , θ

b(B)
k ).
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4. Arrange (α
b(1)
k , α

b(2)
k , . . . , α

b(B)
k ), (β

b(1)
k , β

b(2)
k , . . . β

b(B)
k ), (δ

b(1)
k , δ

b(2)
k , . . . δ

b(B)
k ) and (θ

b(1)
k , θ

b(2)
k , . . . , θ

b(B)
k )

in ascending order as
(α

b[1]
k , α

b[2]
k , . . . , α

b([B])
k ), (β

b[1]
k , β

b[2]
k , . . . β

b[B]
k ), (δ

b[1]
k , δ

b[2]
k , . . . δ

b[B]
k ) and (θ

b[1]
k , θ

b[2]
k , . . . , θ

b[B]
k ).

5. Two side 100(1− γ)% percentile bootstrap confidence interval for the unknown parameters αk, βk, δk

where k = 1, 2 and θ are given by [α
b([B γ

2 ])

k , α
b([B(1− γ

2 )])

k ], [β
b([B γ

2 ])

k , β
b([B(1− γ

2 )])

k ], [δ
b([B γ

2 ])

k , δ
b([B(1− γ

2 )])

k ]
and [θb([B

γ
2 ]), θb([B(1− γ

2 )])].

7.2.2. Bootstrap-t Confidence Interval

1. Same as the steps (1,2) in Boot-p.
2. Compute the t-statistic of Θ as T = Θ̂b−Θ̂√

V (Θ̂b)
where V (Θ̂b) is asymptotic variances of Θ̂b and it can

be obtained using the Fisher information matrix.
3. Repeat steps II-III B times and obtain (T (1), T (2), . . . , T (B)).
4. Arrange (T (1), T (2), . . . , T (B)) in ascending order as (T [1], T [2], . . . , T [B]) .
5. A two side 100(1− γ)% percentile bootstrap confidence interval for the unknown parameters

αk, βk where k = 1, 2 and θ are given by [αk + T
b([B γ

2 ])

k

√
V (αb

k), αk +
√

V (αb
k)T

b([B(1− γ
2 )])

k ], [βk +

T
b([B γ

2 ])

k

√
V (βb

k), βk +
√

V (βb
k)T

b([B(1− γ
2 )])

k ], [δk + T
b([B γ

2 ])

k

√
V (δbk), δk +

√
V (δbk)T

b([B(1− γ
2 )])

k ] and [θ +

T
b([B γ

2 ])

k

√
V (θb), θ +

√
V (θb)T

b([B(1− γ
2 )])

k ]

8. Simulation Study

In this section; A Monte Carlo simulation is done based on copula function. For estimating BFGMWGE
distribution parameters, R program is used.

To generate random variables: Nelsen [1] discussed generating a sample from a specified joint
distribution. By using the following steps, we can generate a bivariate sample by using the conditional
approach.

• Generate U and V as independently from uniform (0, 1) distribution.

• Set x = QWE(u) =
1
δ1

ln

{
1 +

[
−1
α1

ln (1− U)
] 1

β1

}
.

• Set F (y|x) = V in (16) to find y by numerical analysis.
• Repeat above steps (n) items to obtain (xi, yi), i = 1, ..., n.

A simulation algorithm: Simulation experiments were carried out based on the following data generated
form BFGMWGE distribution, where X,Y are distributed as WG-Exponential with αj , λj and δj as a
parameters WG-Exponential distribution, j = 1, 2 the values of the parameters α1, λ1, δ1, α2, λ2, δ2 and θ
are chosen as the following cases for the random variables generating:
Case 1: (α1 = 1.3, β1 = 1.7, δ1 = 1.2, α2 = 1.4, β2 = 1.5, δ2 = 1.3),
Case 2: (α1 = 2.3, β1 = 2.5, δ1 = 2.2, α2 = 1.4, β2 = 1.5, δ2 = 1.8),
For different sample size n = 35, 60, 100, 150 and 200. The simulation methods are compared using the
criteria of parameters estimation, the comparison is performed by calculating the Bias, the mean of
square error (MSE), the length of asymptotic and bootstrap confidence intervals (L.CI) for each method
of estimation as following:
Bias = (Θ̂−Θ) where Θ̂ is the estimated value of Θ. MSE = Mean(Θ̂−Θ)2. and L.CI=Upper.CI-
Lower.CI.
We restricted the number of repeated-samples to 1000.

From these tables 2, 3, 4, and 5, we conclude the following, as the sample size n increases, the Bias, MSE,
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Table 2. MLE of the Parameters of BFGMWGE Distributions: Case 1

θ 0.25 0.8
n Bias MSE L.ACI L.BT L.BP Bias MSE L.ACI L.BT L.BP

35

α1 0.0957 0.9238 3.7509 0.4075 0.4120 0.1298 1.0762 4.0366 0.5967 0.5900
β1 0.0268 0.0780 1.0902 0.1927 0.1905 0.0390 0.0806 1.1029 0.1954 0.1932
δ1 0.1414 0.1934 1.6333 0.2865 0.2850 0.1260 0.1894 1.6338 0.2099 0.2114
α2 0.1545 1.0776 4.0260 0.7017 0.7038 0.1631 1.3589 4.5269 0.6848 0.6882
β2 0.0240 0.0690 1.0260 0.1468 0.1470 0.0303 0.0662 1.0023 0.1507 0.1518
δ2 0.1836 0.3553 2.2242 0.3440 0.3476 0.1724 0.3280 2.1418 0.3534 0.3510
θ 0.0694 0.6004 3.0268 0.3954 0.3948 0.2783 2.0273 5.4765 0.5455 0.5401

60

α1 0.1400 0.7948 3.4532 0.5499 0.5511 0.1207 0.6489 3.1237 0.5001 0.5061
β1 0.0174 0.0461 0.8397 0.1081 0.1088 0.0323 0.0471 0.8413 0.1037 0.1031
δ1 0.0950 0.1645 1.5464 0.3086 0.3099 0.0822 0.1431 1.4484 0.2254 0.2277
α2 0.1886 1.0588 3.9672 0.3960 0.3945 0.2039 0.9068 3.6482 0.5075 0.5089
β2 0.0031 0.0397 0.7816 0.1163 0.1163 0.0247 0.0363 0.7410 0.1017 0.1032
δ2 0.1184 0.2329 1.8349 0.2490 0.2469 0.0735 0.1759 1.6193 0.2040 0.2030
θ 0.0166 0.1747 1.6379 0.1883 0.1902 0.0425 0.2258 1.8561 0.2012 0.2010

100

α1 0.0817 0.5095 2.7811 0.2720 0.2737 0.1319 0.6129 3.0265 0.2851 0.2886
β1 0.0019 0.0278 0.6543 0.0584 0.0591 0.0245 0.0291 0.6623 0.0661 0.0659
δ1 0.0751 0.0953 1.1747 0.1137 0.1139 0.0472 0.0838 1.1203 0.1061 0.1053
α2 0.1122 0.7006 3.2531 0.3009 0.3004 0.1958 0.7411 3.2877 0.2945 0.2960
β2 0.0006 0.0234 0.6005 0.0619 0.0613 0.0242 0.0226 0.5824 0.0542 0.0539
δ2 0.0939 0.1543 1.4961 0.1434 0.1450 0.0437 0.1296 1.4014 0.1643 0.1649
θ -0.0032 0.0969 1.2208 0.1229 0.1223 -0.0051 0.0952 1.2099 0.1375 0.1394

150

α1 0.0919 0.4277 2.5395 0.2027 0.2006 0.1328 0.4721 2.6441 0.2004 0.2008
β1 0.0056 0.0186 0.5344 0.0442 0.0441 0.0239 0.0196 0.5406 0.0418 0.0416
δ1 0.0435 0.0661 0.9940 0.0906 0.0905 0.0333 0.0742 1.0605 0.0796 0.0794
α2 0.1286 0.6421 3.1019 0.2464 0.2465 0.2168 0.6799 3.1202 0.2751 0.2720
β2 0.0002 0.0180 0.5268 0.0454 0.0455 0.0297 0.0168 0.4953 0.0389 0.0391
δ2 0.0693 0.1262 1.3667 0.1166 0.1164 0.0139 0.0939 1.2005 0.0991 0.1000
θ 0.0069 0.0624 0.9792 0.0817 0.0811 -0.0082 0.0562 0.9296 0.0713 0.0711

200

α1 0.0696 0.3726 2.3783 0.1697 0.1702 0.0978 0.3915 2.4237 0.1582 0.1601
β1 -0.0051 0.0147 0.4749 0.0338 0.0337 0.0192 0.0153 0.4792 0.0335 0.0335
δ1 0.0435 0.0572 0.9225 0.0627 0.0627 0.0291 0.0525 0.8916 0.0677 0.0683
α2 0.1091 0.4678 2.6482 0.1966 0.1960 0.1790 0.5580 2.8442 0.2060 0.2063
β2 0.0022 0.0133 0.4516 0.0311 0.0305 0.0217 0.0131 0.4413 0.0295 0.0294
δ2 0.0484 0.0930 1.1808 0.0840 0.0833 0.0223 0.0881 1.1607 0.0799 0.0805
θ -0.0019 0.0502 0.8788 0.0601 0.0597 -0.0091 0.0397 0.7810 0.0610 0.0607

and length of CI decreases. As the value of θ increases, the Bias, MSE, and length of CI increases. It is
noted that the Bayesian method gives better results than the MLE method. The Bayesian method is the
best because has the lower values for MSE, Bias, and length of CI.

9. Goodness of Fit

The three most important classes of tests of goodness of fit based on the empirical distribution function of
a random sample are the Kolmogorov-Smirnov test, Anderson¨CDarling test, and the Cramer-von Mises
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Table 3. Bayesian Estimation of the Parameters of BFGMWGE Distributions: Case 1

θ 0.25 0.8
n Bias MSE L.ACI L.BT L.BP Bias MSE L.ACI L.BT L.BP

35

α1 -0.0665 0.1216 1.3430 0.2342 0.2338 -0.0577 0.1379 1.4394 0.2155 0.2162
β1 0.0223 0.0011 0.0996 0.0155 0.0153 0.0348 0.0020 0.1093 0.0176 0.0176
δ1 0.0889 0.0181 0.3957 0.0721 0.0721 0.0721 0.0156 0.4005 0.0623 0.0624
α2 -0.0244 0.2167 1.8241 0.3513 0.3489 -0.0257 0.1981 1.7434 0.3663 0.3657
β2 0.0204 0.0009 0.0856 0.0159 0.0157 0.0281 0.0012 0.0783 0.0110 0.0111
δ2 0.1145 0.0550 0.8026 0.1006 0.1002 0.1052 0.0439 0.7108 0.1073 0.1077
θ 0.0160 0.0423 0.8049 0.1390 0.1395 -0.0831 0.2171 1.7991 0.3217 0.3228

60

α1 -0.0226 0.0869 1.1532 0.1591 0.1593 -0.0319 0.0738 1.0583 0.1157 0.1158
β1 0.0160 0.0004 0.0547 0.0070 0.0070 0.0295 0.0011 0.0561 0.0077 0.0078
δ1 0.0533 0.0121 0.3766 0.0396 0.0397 0.0380 0.0084 0.3283 0.0422 0.0422
α2 -0.0118 0.1182 1.3485 0.1792 0.1793 0.0129 0.0955 1.2119 0.1444 0.1428
β2 0.0033 0.0002 0.0477 0.0063 0.0064 0.0229 0.0006 0.0424 0.0053 0.0053
δ2 0.0594 0.0230 0.5471 0.0716 0.0724 0.0359 0.0131 0.4266 0.0596 0.0595
θ -0.0063 0.0171 0.5132 0.0679 0.0684 -0.0279 0.0997 1.2340 0.1204 0.1221

100

α1 -0.0588 0.0401 0.7510 0.0858 0.0853 -0.0347 0.0366 0.7387 0.0787 0.0786
β1 0.0014 0.0001 0.0389 0.0037 0.0037 0.0223 0.0006 0.0417 0.0041 0.0041
δ1 0.0425 0.0056 0.2416 0.0259 0.0261 0.0281 0.0040 0.2224 0.0201 0.0200
α2 -0.0420 0.0602 0.9487 0.1023 0.1029 0.0025 0.0509 0.8854 0.0891 0.0894
β2 0.0002 0.0001 0.0303 0.0028 0.0028 0.0224 0.0006 0.0324 0.0034 0.0034
δ2 0.0474 0.0128 0.4025 0.0404 0.0405 0.0212 0.0089 0.3599 0.0355 0.0357
θ -0.0100 0.0062 0.3074 0.0280 0.0279 -0.0408 0.0381 0.7494 0.0706 0.0706

150

α1 -0.0370 0.0193 0.5261 0.0417 0.0417 -0.0120 0.0227 0.5892 0.0446 0.0442
β1 0.0041 0.0001 0.0341 0.0030 0.0030 0.0210 0.0005 0.0396 0.0029 0.0029
δ1 0.0234 0.0023 0.1640 0.0123 0.0124 0.0109 0.0025 0.1919 0.0162 0.0161
α2 -0.0213 0.0296 0.6697 0.0473 0.0474 0.0001 0.0305 0.6855 0.0547 0.0553
β2 0.0003 0.0001 0.0320 0.0024 0.0024 0.0266 0.0008 0.0357 0.0029 0.0029
δ2 0.0220 0.0058 0.2865 0.0239 0.0242 0.0052 0.0048 0.2715 0.0216 0.0215
θ 0.0026 0.0019 0.1690 0.0143 0.0142 -0.0103 0.0175 0.5173 0.0444 0.0450

200

α1 -0.0143 0.0093 0.3741 0.0223 0.0223 -0.0173 0.0146 0.4696 0.0316 0.0318
β1 -0.0031 0.0001 0.0300 0.0021 0.0021 0.0141 0.0003 0.0379 0.0027 0.0027
δ1 0.0150 0.0013 0.1288 0.0094 0.0093 0.0123 0.0016 0.1495 0.0109 0.0108
α2 -0.0188 0.0129 0.4394 0.0313 0.0311 0.0049 0.0184 0.5313 0.0408 0.0408
β2 0.0013 0.0000 0.0271 0.0019 0.0019 0.0169 0.0004 0.0369 0.0028 0.0027
δ2 0.0139 0.0027 0.1974 0.0144 0.0143 0.0034 0.0028 0.2087 0.0152 0.0152
θ 0.0000 0.0008 0.1086 0.0063 0.0063 -0.0075 0.0092 0.3743 0.0263 0.0264

test, which have been extended to the multivariate case in Zimmerman [29], Justel et al. [8], Genest et
al. [37], and Langren¨¦ and Warin [31].

9.1. Goodness of Fit Test for Copulas
The simplest goodness-of-fit test for copulas lies in comparing the distance between a non-parametric
estimate Ĉn of C and a parametric estimate Cθ derived from an estimator θ which is consistent when the
null hypothesis H0 holds. Let (F1n, F2n) be the empirical distribution functions of (F1, F2), respectively.
A natural substitute for the un-observable Ui = (F1i, F2i) where i = 1, . . . , n, is given by

C(Û1i, Û2i) = (
n

n+ 1
F1(Xi),

n

n+ 1
F2(Yi))
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Table 4. MLE of the Parameters of BFGMWGE Distributions: Case 2

θ 0.3 0.8
n Bias MSE L.ACI L.BT L.BP Bias MSE L.ACI L.BT L.BP

35

α1 0.1068 1.5054 4.7937 0.6021 0.5950 0.0561 1.5379 4.8588 0.8162 0.8172
β1 0.0715 0.1399 1.4397 0.2925 0.2904 0.0754 0.1438 1.4575 0.2767 0.2713
δ1 0.0985 0.1696 1.5683 0.2555 0.2533 0.1223 0.1984 1.6798 0.3514 0.3473
α2 0.1931 1.4091 4.5936 0.8444 0.8446 0.2355 1.5892 4.8571 0.6910 0.6903
β2 0.0207 0.0705 1.0384 0.1371 0.1376 0.0303 0.0709 1.0377 0.1566 0.1575
δ2 0.2790 0.7407 3.1932 0.7487 0.7558 0.2577 0.7616 3.2699 0.6106 0.6106
θ 0.0728 0.5734 2.9561 0.4056 0.4062 0.2805 1.9210 5.3233 0.5404 0.5358

60

α1 0.1046 1.1238 4.1373 0.5229 0.5280 0.1433 1.0973 4.0697 0.5033 0.5049
β1 0.0418 0.0697 1.0226 0.1301 0.1304 0.0691 0.0748 1.0382 0.1254 0.1260
δ1 0.0638 0.1166 1.3158 0.1706 0.1701 0.0452 0.0971 1.2094 0.1556 0.1561
α2 0.2260 1.1490 4.1095 0.4125 0.4134 0.2637 1.1930 4.1571 0.4140 0.4120
β2 0.0019 0.0418 0.8014 0.1134 0.1143 0.0259 0.0397 0.7746 0.1200 0.1190
δ2 0.1729 0.5075 2.7103 0.3224 0.3236 0.1228 0.4263 2.5151 0.3583 0.3564
θ 0.0195 0.1778 1.6519 0.1940 0.1959 0.0451 0.2239 1.8472 0.2123 0.2117

100

α1 0.1666 1.0467 3.9588 0.3892 0.3905 0.1563 0.9565 3.7864 0.3646 0.3661
β1 0.0294 0.0438 0.8127 0.0851 0.0852 0.0465 0.0448 0.8095 0.0788 0.0788
δ1 0.0227 0.0722 1.0504 0.0919 0.0915 0.0252 0.0755 1.0734 0.1017 0.1021
α2 0.1785 0.8267 3.4965 0.3258 0.3261 0.2257 0.8638 3.5361 0.3792 0.3766
β2 0.0008 0.0248 0.6175 0.0601 0.0598 0.0235 0.0239 0.5999 0.0587 0.0591
δ2 0.1106 0.3148 2.1572 0.2177 0.2167 0.0720 0.2884 2.0872 0.2315 0.2317
θ -0.0021 0.0947 1.2069 0.1392 0.1397 -0.0056 0.0928 1.1949 0.1356 0.1369

150

α1 0.1367 0.8798 3.6394 0.2703 0.2708 0.1506 0.8117 3.4837 0.2614 0.2601
β1 0.0202 0.0272 0.6421 0.0553 0.0556 0.0418 0.0283 0.6385 0.0513 0.0509
δ1 0.0256 0.0691 1.0258 0.0935 0.0934 0.0169 0.0602 0.9600 0.0786 0.0785
α2 0.1668 0.7934 3.4317 0.2630 0.2638 0.2810 0.8666 3.4806 0.2995 0.2982
β2 -0.0006 0.0192 0.5436 0.0436 0.0437 0.0325 0.0184 0.5164 0.0403 0.0404
δ2 0.0973 0.2677 1.9928 0.1766 0.1768 0.0111 0.2047 1.7738 0.1395 0.1390
θ 0.0040 0.0609 0.9680 0.0752 0.0741 -0.0077 0.0563 0.9298 0.0712 0.0707

200

α1 0.0884 0.6602 3.1679 0.2161 0.2163 0.0958 0.6026 3.0218 0.2191 0.2197
β1 0.0128 0.0212 0.5682 0.0398 0.0398 0.0385 0.0212 0.5509 0.0365 0.0361
δ1 0.0250 0.0523 0.8915 0.0645 0.0640 0.0183 0.0472 0.8489 0.0611 0.0608
α2 0.1265 0.6112 3.0257 0.2341 0.2337 0.1993 0.6335 3.0228 0.2004 0.2032
β2 -0.0062 0.0142 0.4665 0.0332 0.0334 0.0237 0.0137 0.4501 0.0313 0.0318
δ2 0.0969 0.2319 1.8502 0.1183 0.1179 0.0296 0.1774 1.6482 0.1199 0.1202
θ 0.0073 0.0458 0.8389 0.0661 0.0664 -0.0082 0.0372 0.7555 0.0525 0.0519

The scaling factor n
n+1 used in defining Ûi avoids numerical issues that sometimes occur, when a parametric

copula density is evaluated at pseudo-observations. A natural estimator Ĉn of C, called the empirical
copula, is then defined, for all (u1, u2);u ∈ [0, 1], by

Ĉn(u1, u2) =
1

n

n∑
i=1

I(Û1i ≤ u1i, Û2i ≤ u2i) (41)
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Table 5. Bayesian Estimation of the Parameters of BFGMWGE Distributions: Case 2

θ 0.3 0.8
n Bias MSE HDP L.BT L.BP Bias MSE HDP L.BT L.BP

35

α1 0.0079 0.2576 1.9912 0.3950 0.3949 -0.0583 0.3152 2.1912 0.3274 0.3221
β1 0.0654 0.0075 0.2214 0.0386 0.0385 0.0719 0.0083 0.2198 0.0441 0.0446
δ1 0.0685 0.0121 0.3368 0.0562 0.0564 0.0793 0.0169 0.4042 0.0755 0.0765
α2 0.0836 0.3831 2.4064 0.3324 0.3352 0.0796 0.4024 2.4695 0.3842 0.3828
β2 0.0196 0.0009 0.0910 0.0182 0.0180 0.0275 0.0014 0.1006 0.0135 0.0135
δ2 0.1149 0.1387 1.3900 0.2087 0.2088 0.1177 0.1637 1.5189 0.2448 0.2431
θ -0.0054 0.0533 0.9057 0.1465 0.1457 -0.0644 0.1986 1.7304 0.2561 0.2535

60

α1 -0.0385 0.1429 1.4755 0.1853 0.1836 -0.0185 0.1231 1.3748 0.1926 0.1935
β1 0.0403 0.0022 0.0904 0.0114 0.0114 0.0663 0.0049 0.0914 0.0115 0.0116
δ1 0.0522 0.0067 0.2468 0.0246 0.0246 0.0323 0.0035 0.1948 0.0225 0.0226
α2 -0.0242 0.1688 1.6091 0.2051 0.2050 0.0246 0.1586 1.5597 0.2077 0.2086
β2 0.0006 0.0002 0.0530 0.0078 0.0076 0.0237 0.0007 0.0501 0.0061 0.0060
δ2 0.0923 0.0778 1.0331 0.1295 0.1305 0.0515 0.0549 0.8972 0.1000 0.1006
θ 0.0057 0.0208 0.5659 0.0771 0.0772 -0.0338 0.0852 1.1374 0.1408 0.1412

100

α1 -0.0092 0.0792 1.1034 0.1100 0.1095 0.0065 0.0871 1.1578 0.1166 0.1160
β1 0.0236 0.0008 0.0652 0.0065 0.0065 0.0426 0.0021 0.0705 0.0065 0.0066
δ1 0.0174 0.0023 0.1761 0.0190 0.0191 0.0151 0.0026 0.1899 0.0159 0.0158
α2 -0.0020 0.0703 1.0403 0.1002 0.0994 0.0212 0.0662 1.0062 0.0931 0.0929
β2 0.0005 0.0001 0.0365 0.0034 0.0034 0.0207 0.0005 0.0396 0.0039 0.0038
δ2 0.0346 0.0263 0.6217 0.0614 0.0612 0.0152 0.0226 0.5865 0.0525 0.0527
θ 0.0086 0.0061 0.3057 0.0313 0.0311 -0.0080 0.0304 0.6832 0.0675 0.0665

150

α1 -0.0350 0.0465 0.8347 0.0688 0.0691 0.0097 0.0600 0.9602 0.0760 0.0765
β1 0.0143 0.0004 0.0532 0.0043 0.0042 0.0380 0.0017 0.0660 0.0054 0.0054
δ1 0.0162 0.0021 0.1674 0.0126 0.0127 0.0078 0.0021 0.1766 0.0155 0.0154
α2 -0.0137 0.0305 0.6835 0.0502 0.0503 0.0132 0.0335 0.7167 0.0576 0.0581
β2 -0.0014 0.0001 0.0379 0.0029 0.0029 0.0275 0.0009 0.0438 0.0036 0.0036
δ2 0.0283 0.0132 0.4371 0.0347 0.0346 -0.0018 0.0115 0.4210 0.0379 0.0382
θ -0.0014 0.0024 0.1904 0.0155 0.0155 -0.0067 0.0142 0.4663 0.0399 0.0403

200

α1 -0.0086 0.0198 0.5509 0.0392 0.0386 0.0083 0.0352 0.7357 0.0531 0.0530
β1 0.0064 0.0002 0.0495 0.0037 0.0037 0.0292 0.0011 0.0654 0.0044 0.0044
δ1 0.0108 0.0010 0.1194 0.0083 0.0083 0.0067 0.0012 0.1354 0.0096 0.0096
α2 -0.0041 0.0105 0.4019 0.0280 0.0282 0.0038 0.0198 0.5524 0.0388 0.0384
β2 -0.0027 0.0001 0.0293 0.0020 0.0020 0.0173 0.0004 0.0420 0.0030 0.0029
δ2 0.0130 0.0052 0.2770 0.0209 0.0209 0.0032 0.0074 0.3379 0.0243 0.0242
θ -0.0021 0.0008 0.1091 0.0069 0.0069 -0.0056 0.0078 0.3457 0.0242 0.0244

Genest et al. [30] introduced Multiplier bootstrap-based goodness-of-fit test, this consideration leads
naturally to Anderson Darling-type statistics such as

Rn = n

∫ 1

0

(
Ĉn(u1, u2)− Ĉθn(u1, u2)

(Cθn(u1, u2)(1− Cθn(u1, u2)) + δm)m

)2

dĈn(u1, u2) (42)

Involving a consistent, rank-based estimator θn of θ, and tuning parameters m ≥ θ and δm ≥ 0. We use
the conclusions of Genest to fit FGM copulas by R package. But the main assumption needed on the
used data is the correlation coefficient, which varies for each copula function. For example, the range of
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Spearman correlation coefficient for FGM copula is [−0.333, 0.333] and the range of Kendall correlation
coefficient for FGM copula is [−0.222, 0.222].

9.2. Kolmogorov-Smirnov statistic
In a one-dimensional sample, the empirical distribution changes only in the observed points, and the
univariate Kolmogorov-Smirnov statistic is obtained by evaluating the distance between the empirical and
theoretical distribution functions in these points. In a multi-dimensional sample, the empirical distribution
function jumps on an infinite number of points.
Let X and Y be a random variable with joint density f(X,Y ) = f(x)f(y|x) and define the transformation
by W1 = F (x), W2 = F (y|x) then W1,W2 are distributed as uniform (0− 1). We may assume that
u1 = (x1, y1), ..., un = (xn, yn) is a random sample from two independent uniform (0− 1) distributions.
For u = (x, y), we define the superior distance D+

n = Fn(u)− F (u) and the inferior distance D−
n =

F (u)− Fn(u) where F is the distribution function of two independent uniform random variables on (0,1)
and Fn is the empirical distribution function. The theorem leads to the following procedure to compute
the Kolmogorov-Smirnov statistic for Bivariate distribution is

1. Compute the maximum distance in the observed points D1
n = max(D+

n (ui)); i = 1, ..., n
2. Compute the maximum and minimum distances in the intersection points, D2

n =
max{D+

n (xj , yi)|xj > xi, yj < yi}; j, i = 1, ..., n and D3
n = 2

n −min{D+
n (xj , yi)|xj > xi, yj <

yi}; j, i = 1, ..., n.
3. Compute the maximum distance among the projections of the observed points on the right unit

square border, D4
n = 1

n −min{D+
n (1, yi)}; i = 1, ..., n.

4. Compute the maximum distance among the projections of the observed points on the top unit square
border, D5

n = 1
n −min{D+

n (xi, 1)}; i = 1, ..., n .
5. Compute the maximum Dn = max{D1

n, D2
n, D3

n, D4
n, D5

n}

For more information and proof of this, see Justel et al. [8].

9.3. Anderson-Darling
If X, Y , is a random sample from the Bivariate distribution and F (X,Y ) is a cumulative function with
uniform (0− 1). The Anderson¨CDarling test is based on the distance

A2 = n

∫ ∞

0

[Fn(x, y)− F (x, y)]
2

F (x, y) [1− F (x, y)]
dF (x, y)

= −
n∑

i=1

2i− 1

n
[ln(Fi(x, y)) + ln(1− Fn+1−i(x, y))]− n; i = 1, ..., n

(43)

9.4. Cramer-von Mises
The Cramer-von Mises statistic w2 for testing two dimensional gaussianity is defined as (Koziol, 1982)

W 2 = n

∫ ∞

0

[Fn(x, y)− F (x, y)]
2
dF (x, y)

=
1

12
+

n∑
j=1

[
Fj(x, y)− 2j − 1

2n

]2
; j = 1, ..., n

(44)

10. Application of Real Data

In this section, we analyze medical data of kidney patients, and diabetic nephropathy data. We study the
parameter estimation of the appropriate distribution of each data set, where the correlation between the
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two variables (bivariate data) is low. And through this, we access a fit model specialized in the study of
weak relations and the extent of their impact and effectiveness. In the goodness-of-fit test for copulas, we
use a parametric bootstrap N=10000 time and the empirical copula estimate. We compared the proposed
Bivariate distributions by different Bivariate distributions as Bivariate FGM Gamma (BFGMG), which
it is discussed by [5], Bivariate FGM Weibull (BFGMW), which it is discussed by [7] and Bivariate FGM
generalized exponential (BFGMGE), which it is discussed by [25].

10.1. The Medical Data of kidney Patients
The data set for 30 patients from McGilchrist [26]. This data represents the recurrence time of infection
for kidney patients, where X: refers to first recurrence time, and Y : to second recurrence time. Elaal
and Jarwan [25] discussed the estimation of the parameters of FGM bivariate generalized exponential
distribution for this data. The MLE, SE, KSS, and its p-value for the marginals distributions are listed
in Table 10. Figures 10 show the fitted pdf and estimated cdf, which support our results (KSS-test)
in Table 10. By using Genest of goodness-of-fit test for copulas to fit of FGM by R package then the
statistic is Rn = 0.29031 and θ̂ = 0.46704 with p-value= 0.3974. Note that the data corresponds to an FGM
copula and the data fit for marginals distribution, where P-value > 0.05. Now, we fit the BFGMWGE,
BFGMWGR and BFGMWGITL model on this data. In the enclosed Table 12, we provide the MLE, SE,
KSS, CVM and AD values for the competitive models. The proposed distributions are the best distribution
comparing to BFGMW, BFGMG, and BFGMGE distribution. The BFGMWGP distribution is the best
model to fit this data because it has the least measure of KSS, CVM, and AD. In the enclosed Table
6, we provide the Bayesian estimation and SE for the BFGMWGE, BFGMWGR and BFGMWGITL
models. History plots, MCMC convergence of α1, β1, δ1, α2, β2, δ2 and θ are represented for BFGMWGE,
BFGMWGR and BFGMWGITL models respectively in Figures 11, 12 and 13.
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Figure 10. CDF and PDF for marginal distributions of X and Y :kidney patients data

10.2. Diabetic Nephropathy Data
In this section, we have considered the duration of diabetes and serum creatinine (SrCr). As it was already
known that the patients are diabetic and we are estimating the complication arising out of it (using the
values of SrCr the data has been classified into two categories namely diabetic nephropathy (DN) (SrCr
≥ 1.4mg/dl) and nondiabetic nephropathy (SrCr < 1.4mg/dl) groups). From the available reports of 200
patients, reports of SrCr were available for each patient. The pathological reports of these patients were
collected from the database of Dr. Lal’s path lab from January 2012 to August 2013. Grover et al. [23]
discussed this data, which consists of the mean duration of diabetes of 132 types 2 diabetic nephropathy
patients for different time intervals. These data are obtained in Table 7. The MLE, SE, KS distance, and its
p-value for the marginals distributions are listed in Table 8. Figure 14 shows the fitted pdf and estimated
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Table 6. Bayesian estimation : kidney patients data

BFGMWGE BFGMWGITL BFGMWGP
estimate SE estimate SE estimate SE

α1 2.2511 0.6506 2.9303 1.3517 0.7776 0.6354
β1 0.6331 0.0899 1.9730 0.3894 1.8156 0.4275
δ1 0.0024 0.0006 0.1364 0.0517 0.2120 0.0769
α2 2.4644 1.0205 0.3613 0.3232 0.4333 0.4035
β2 0.7699 0.1174 1.9105 0.5077 2.2096 0.5501
δ2 0.0031 0.0014 0.3402 0.1427 0.2439 0.0782
θ 0.4340 0.4603 0.3234 0.3699 0.8745 0.3565
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Figure 11. The MCMC plots for parameters of BFGMWGE based on kidney patients data
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Figure 12. The MCMC plots for parameters of BFGMWGITL based on kidney patients data

cdf, which support our results (KS-test) in Table 8. By using Genest of goodness-of-fit test for copulas
to fit of FGM by R package then the statistic is Rn = 0.4807 and θ̂ = 0.0659 with p-value= 0.14. Note
that the data corresponds to an FGM copula and the data fit for marginals distribution, where P-value >
0.05. Now, we fit the BFGMWGE, BFGMWGR, and BFGMWGITL model on this data. The proposed
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Figure 13. The MCMC plots for parameters of BFGMWGP based on kidney patients data

distributions are the best distribution comparing to BFGMW, BFGMG, and BFGMGE distribution.
The BFGMWGR distribution is the best model to fit this data because it has the least measure of KSS,
CVM, and AD. In the enclosed Table 12, we provide the MLE, standard error (SE), KSS, CVM, and
AD values for the competitive models. In the enclosed Table 9, we provide the Bayesian estimation and
SE for the BFGMWGE, BFGMWGR, and BFGMWGITL models. History plots, MCMC convergence
of α1, β1, δ1, α2, β2, δ2 and θ are represented for BFGMWGE, BFGMWGR and BFGMWGITL models
respectively in Figures 15, 16 and 17.
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Figure 14. CDF and PDF for marginal distributions with x and y:diabetic nephropathy data
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Table 7. Mean duration of diabetes of 132 type 2 diabetic nephropathy patients for different time intervals

No. Interval
Mean of duration

of diabetes (t)
from data

Mean SrCr
from data No. Interval

Mean of duration
of diabetes (t)

from data
Mean SrCr
from data

1 t ≤ 8 7.4 1.925 11 17 <t ≤ 18 18 1.832
2 8 <t ≤ 9 9 1.5 12 18 <t ≤ 19 19 1.59
3 9 <t ≤ 10 10 2 13 19 <t ≤ 20 20 1.7833
4 10 <t ≤ 11 11 1.6 14 20 <t ≤ 21 21 1.2
5 11 <t ≤ 12 12 1.7 15 21 <t ≤ 22 22 1.792
6 12 <t ≤ 13 13 1.7533 16 22 <t ≤ 23 23 1.5
7 13 <t ≤ 14 13.75 1.54 17 23 <t ≤ 24 24 1.5033
8 14 <t ≤ 15 14.92 1.694 18 25 <t ≤ 26 26 2
9 15 <t ≤ 16 15.8286 1.8843 19 t >26 26.6 2.14
10 16 <t ≤ 17 16.9333 1.8433

Table 8. MLE estimates, SE, KSS and p-values for marginal distributions with x and y:diabetic nephropathy data

WITL WP
x y x y

estimate SE estimate SE estimate SE estimate SE
α 0.6141 4.6597 0.0429 0.1085 0.0171 0.0403 0.0088 0.0106
β 5.8175 2.0004 6.0985 1.3951 5.8144 1.5103 1.7074 1.3160
δ 0.3173 0.2977 1.8251 0.5602 0.3757 0.1184 4.7591 4.1651

KSS 0.0764 0.1071 0.0761 0.1132
P-Value 0.9994 0.9813 0.9995 0.9681

WR WE
x y x y

estimate SE estimate SE estimate SE estimate SE
α 1.4808 1.1778 9.1179 33.7029 2.8505 15.2920 12.2151 83.5543
β 1.3305 0.2938 3.6530 0.7960 2.6852 0.9970 7.0162 1.6569
δ 0.0030 0.0012 0.2615 0.1959 0.0269 0.0390 0.2910 0.2067

KSS 0.0887 0.1130 0.0878 0.1102
P-Value 0.9950 0.9685 0.9956 0.9750

Table 9. Bayesian estimation : diabetic nephropathy data

BFGMWGE BFGMWGITL BFGMWGR
estimate SE estimate SE estimate SE

α1 2.2511 0.6506 2.9303 1.3517 0.7776 0.6354
β1 0.6331 0.0899 1.9730 0.3894 1.8156 0.4275
δ1 0.0024 0.0006 0.1364 0.0517 0.2120 0.0769
α2 2.4644 1.0205 0.3613 0.3232 0.4333 0.4035
β2 0.7699 0.1174 1.9105 0.5077 2.2096 0.5501
δ2 0.0031 0.0014 0.3402 0.1427 0.2439 0.0782
θ 0.4340 0.4603 0.3234 0.3699 0.8745 0.3565
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Figure 15. The MCMC plots for parameters of BFGMWGE, based on diabetic nephropathy data
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Figure 16. The MCMC plots for parameters of BFGMWGITL based on diabetic nephropathy data
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Figure 17. The MCMC plots for parameters of BFGMWGR based on diabetic nephropathy data
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11. Conclusion

In this paper, we have proposed a new bivariate family based on the FGM copula function and WG family,
which will be denoted as the BFGMWG family. Moreover, the bivariate exponential WG distribution,
bivariate inverted Topp-Leone WG distribution, bivariate Rayleigh WG, and bivariate Pareto WG based
on FGM copula function have been obtained. Statistical properties for this family have been discussed,
therefore, it can be used quite effectively in life testing data as medical data of kidney patients, and diabetic
nephropathy data. Parameters estimation have been discussed by the maximum likelihood method and
Bayesian method by using Metropolis-Hastings. Hence, we can argue that Bayesian estimation is the best
performing estimator for the BFGMWG family. Additionally, the new BFGMWG family can be used as
an alternative to a more traditional bivariate distribution for different applications. The FGMBWG family
works better because the marginal functions have the same basic distribution and it has closed forms for
moment generating function and product moments. Three types of confidence intervals are considered
here namely asymptomatic, bootstrap, and Bayesian credible interval to discuss the interval estimation of
the unknown parameters. Some measures of this family have been discussed as Kendall’s tau correlation
and median regression model, Kolmogorov-Smirnov statistic, Anderson-Darling, Anderson-Darling, and
goodness of fit test for copula.

Acknowledgement

The authors wish to thank the editor. We also thank anonymous for their encouragement and support.
The authors are grateful to anyone who reviewed the paper carefully and for their helpful comments that
improve this paper.

REFERENCES

1. R. B. Nelsen, An introduction to copulas. Springer Science Business Media, 2007.
2. A. Sklar, Random variables, joint distribution functions, and copulas, Kybernetika, vol. 9, no. 6, pp. 449-460, 1973.
3. E. J. Gumbel, Bivariate exponential distributions, Journal of the American Statistical Association, vol. 55, no. 292,

pp. 698-707, 1960.
4. S. P. Verrill, J. W. Evans, D. E. Kretschmann, and C. A. Hatfield, Asymptotically efficient estimation of a bivariate

Gaussian¨CWeibull distribution and an introduction to the associated pseudo-truncated Weibull, Communications in
Statistics-Theory and Methods, vol. 44, no. 14, pp. 2957-2975, 2015.

5. S. Kotz, N. Balakrishnan, and N. L. Johnson, Continuous multivariate distributions, Volume 1: Models and
applications. John Wiley and Sons, 2004.

6. A. Q. Flores, Testing copula functions as a method to derive bivariate Weibull distributions, In American Political
Science Association, vol. 4, 2009.

7. E. M. Almetwally, H. Z. Muhammed, and E. S. A. El-Sherpieny, Bivariate Weibull Distribution: Properties and Different
Methods of Estimation, Annals of Data Science, vol. 7 no. 1, pp. 163-193, 2020.

8. A. Justel, D. Peña, and R. Zamar, A multivariate Kolmogorov-Smirnov test of goodness of fit, Statistics Probability
Letters, vol. 35, no. 3, pp. 251-259, 1997.

9. H. Z. Muhammed, On a bivariate generalized inverted Kumaraswamy distribution, Physica A: Statistical Mechanics
and its Applications, vol. 553, 124281, 2020.

10. R. M. Alotaibi, H. R. Rezk, I. Ghosh, and S. Dey, Bivariate exponentiated half logistic distri-
bution: Properties and application, Communications in Statistics-Theory and Methods, pp. 1-23, 2020.
https://doi.org/10.1080/03610926.2020.1739310

11. R. G. M. Samanthi, and J. Sepanski, On bivariate Kumaraswamy-distorted copulas, Communications in Statistics-
Theory and Methods, pp. 1-19, 2020. https://doi.org/10.1080/03610926.2020.1777303.

12. M. Bourguignon, R. B. Silva, and G. M. Cordeiro, The Weibull-G family of probability distributions, Journal of Data
Science, vol. 12, no. 1, pp. 53-68, 2014.

13. A. M. Almarashi, M. Elgarhy, F. Jamal, and C. Chesneau, The Exponentiated Truncated Inverse Weibull-Generated
Family of Distributions with Applications, Symmetry, vol. 12, no. 4, pp. 1-21, 650, 2020.

14. J. T. Eghwerido, J. D. Ikwuoche, and O. D. Adubisi, Inverse Odd Weibull Generated Family of Distribution, Pakistan
Journal of Statistics and Operation Research, vol. 16, no. 3, pp. 617-633, 2020.

15. M. Elgarhy, On the exponentiated Weibull Rayleigh distribution, Gazi University Journal of Science, vol. 32, no. 3,
pp. 1060-1081, 2019.

Stat., Optim. Inf. Comput. Vol. 10, June 2022



E. A. EL-SHERPIENY, E. M. ALMETWALLY AND H. Z. MUHAMMED 709

16. C. Chesneau, and T. El Achi, Modified Odd Weibull Family of Distributions: Properties and Applications, Journal of
the Indian Society for Probability and Statistics, vol. 21, pp. 259-286, 2020.

17. A. Alzaatreh, F. Famoye, and C. Lee, A new method for generating families of continuous distributions, Metron, vol.
71, no. 1, pp. 63-79., 2013.

18. E. M. Almetwally, and H. Z. Muhammed, On a Bivariate Frechet Distribution, Journal of Statistics Applications and
Probability, vol. 9, no. 1, pp. 1-21, 2020.

19. H. Z. Muhammed, Bivariate inverse Weibull distribution, Journal of Statistical Computation and Simulation, vol. 86,
no. 12, pp. 2335-2345, 2016.

20. M., El-Morshedy, Z. A., Alhussain, D. Atta, E. M. Almetwally, and M. S. Eliwa, Bivariate Burr X generator
of distributions: properties and estimation methods with applications to complete and type-II censored samples,
Mathematics, vol. 8, no. 2, pp. 1-31, 264, 2020.

21. M. S. Eliwa, and M. El-Morshedy, Bivariate odd Weibull-G family of distributions: Properties, Bayesian and non-
Bayesian estimation with bootstrap confidence intervals and application, Journal of Taibah University for Science,
Vol.14, no. 1, pp. 331-345, 2020.

22. G. Kim, M. J. Silvapulle, and P. Silvapulle, Comparison of semiparametric and parametric methods for estimating
copulas, Computational Statistics Data Analysis, vol. 51, no. 6, pp. 2836-2850, 2007.

23. G. Grover, A. Sabharwal, and J. Mittal, Application of Multivariate and Bivariate Normal Distributions to Estimate
Duration of Diabetes, International Journal of Statistics and Applications, vol. 4, no. 1, pp. 46-57, 2014.

24. B. Efron, Bootstrap methods: another look at the jackknife. In Breakthroughs in statistics, Springer, New York, NY,
pp. 569-593, 1992.

25. M. K. Elaal, and R. S. Jarwan, Inference of Bivariate Generalized Exponential Distribution Based on Copula Functions,
Applied Mathematical Sciences, vol. 11, no. 24, pp. 1155-1186, 2017.

26. C. A. McGilchrist, and C. W. Aisbett, Regression with frailty in survival analysis, Biometrics, pp. 461-466, 1991.
27. E. S. El-Sherpieny, and E. M. Almetwally, Bivariate Generalized Rayleigh Distribution Based on Clayton Copula,

In Proceedings of the Annual Conference on Statistics (54rd), Computer Science and Operation Research, Faculty of
Graduate Studies for Statistical Research, Cairo University, pp. 1-19, 2019.

28. E. M. Almetwally, Parameter Estimation of Bivariate Models under Some Censoring Schemes, Master Thesis, Faculty
of Graduate Studies for Statistical Research, Cairo University, 2019.

29. D. L. Zimmerman, A bivariate Cramér-von Mises type of test for spatial randomness, Journal of the Royal Statistical
Society: Series C (Applied Statistics), vol. 42, no. 1, pp. 43-54, 1993.

30. C. Genest, J. F. Quessy, and B. Rémillard, Goodness-of-fit procedures for copula models based on the probability
integral transformation, Scandinavian Journal of Statistics, vol. 33, no. 2, pp. 337-366, 2006.

31. N. Langrené, and X. Warin, Fast multivariate empirical cumulative distribution function with connection to kernel
density estimation, arXiv preprint arXiv:2005.03246, 2020.

32. A. K. SUZUKI, F. Louzada-Neto, V. G. Cancho, and G. D. BARRIGA, The FGM bivariate lifetime copula model: a
bayesian approach, Advances and Applications in Statistics, vol. 21, no. 1, pp. 55-76, 2011.

33. F. Louzada, A. K. Suzuki, and V. G. Cancho, The FGM long-term bivariate survival copula model: modeling, Bayesian
estimation, and case influence diagnostics, Communications in Statistics-Theory and Methods, vol. 42, no. 4, pp. 673-
691, 2013.

34. M. H. Chen, and Q. M. Shao, Monte Carlo estimation of Bayesian credible and HPD intervals, Journal of Computational
and Graphical Statistics, vol. 8, no. 1, pp. 69-92, 1999.

35. A. A. Al-Babtain, M. K. Shakhatreh, M. Nassar, and A. Z. Afify, A New Modified Kies Family: Properties, Estimation
Under Complete and Type-II Censored Samples, and Engineering Applications, Mathematics, vol. 8, no. 8, pp. 1345,
2020.

36. M. H. Tahir, G. M. Cordeiro, M. Alizadeh, M. Mansoor, M. Zubair, and G. G. Hamedani, The odd generalized
exponential family of distributions with applications, Journal of Statistical Distributions and Applications, vol. 2, no.
1, pp. 1-28, 2015.

37. C. Genest, W. Huang, and J. M. Dufour, A regularized goodness-of-fit test for copulas, Journal de la Société francaise
de statistique, vol. 154, no. 1, pp. 64-77, 2013.

38. M. Rafiei, and A. Iranmanesh, A Bivariate Gamma Distribution Whose Marginals are Finite Mixtures of Gamma
Distributions. Statistics, Optimization and Information Computing, vol. 8, no. 4, pp. 950-971, 2020.

39. A. Bekker, and J. Ferreira, Bivariate gamma type distributions for modeling wireless performance metrics, Statistics,
Optimization and Information Computing, vol. 6, no. 3, pp. 335-353, 2018.

40. V. S. Vaidyanathan, and A. Sharon Varghese, Morgenstern type bivariate Lindley distribution. Statistics, Optimization
and Information Computing, vol. 4, no. 2, pp. 132-146, 2016.

Stat., Optim. Inf. Comput. Vol. 10, June 2022


	1 Introduction
	2 BFGMWG Family
	3 Properties of BFGMWG Family
	3.1 The Marginal Distributions
	3.2 Conditional Distribution
	3.3 Product Moments, Moment Generating Function
	3.4 Survival Function

	4 Some Dependence Measures
	4.1 Kendall's Tau Crrelation
	4.2 Median Regression Model of BFGMWG Famliy

	5 Special Model
	5.1 BFGMWG-Pareto (BFGMWGP) Distribution
	5.2 BFGMWG-ITL (BFGMWGITL) Distribution
	5.3 BFGMWG-Exponential (BFGMWGE) Distribution
	5.4 BFGMWG-Rayleigh (BFGMWGR) Distribution

	6 Parameter Estimation Methods
	6.1 Maximum Likelihood Estimation (MLE)
	6.2 Bayesian Estimation

	7 Confidence Intervals
	7.1 Asymptotic Confidence Intervals
	7.2 Bootstrap Confidence Interval
	7.2.1 Percentile Bootstrap Confidence Interval 
	7.2.2 Bootstrap-t Confidence Interval


	8 Simulation Study
	9 Goodness of Fit
	9.1 Goodness of Fit Test for Copulas
	9.2 Kolmogorov-Smirnov statistic
	9.3 Anderson-Darling
	9.4 Cramer-von Mises

	10 Application of Real Data
	10.1 The Medical Data of kidney Patients
	10.2 Diabetic Nephropathy Data

	11 Conclusion

